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ABSTRACT. We consider two motivic generating functions defined on a variety, and reveal their tight
connection. They essentially count torsion-free bundles and zero-dimensional sheaves.

On a reduced singular curve, we show that the “Quot zeta function” encoding the motives of Quot
schemes of O-dimension quotients of a rank d torsion-free bundle satisfies rationality and a Serre-
duality-type functional equation. This is a high-rank generalization of known results on the motivic
Hilbert zeta function (the d = 1 case) due to Bejleri, Ranganathan, and Vakil (rationality) and Yun
(functional equation). Moreover, a stronger rationality result holds in the relative Grothendieck ring
of varieties. Our methods involve a novel sublattice parametrization, a certain generalization of affine
Grassmannians, and harmonic analysis over local fields.

On a general variety, we prove that the “Cohen—Lenstra zeta function” encoding the motives of
stacks of zero-dimensional sheaves can be obtained as a “rank — oco” limit of the Quot zeta functions.

Combining these techniques, we prove explicit results for the planar singularities associated to
the (2,n) torus knots/links, namely, y> = z". The resulting formulas involve summations of Hall
polynomials over partitions bounded by a box or a vertical strip, which are of independent interest
from the perspectives of skew Cauchy identities for Hall-Littlewood polynomials, Rogers—Ramanujan
identities, and modular forms.
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2 TORSION-FREE BUNDLES OVER SINGULAR CURVES

1. INTRODUCTION

In this paper, we study enumerative questions about torsion-free bundles and zero-dimensional
sheaves over varieties. These objects are of interest in geometric representation theory [24] 25] 42,
43, 1491 63], knot theory [26] B2, [0, B2] (53], classical algebraic geometry and commutative algebra
[8, 39, 45| 51, 56], algebraic combinatorics [28-31], quiver varieties [9) [39] [51], mathematical physics
and curve counting invariants [3, B3, [54], and arithmetic geometry [7, 36} B8] [63]. More precisely, we
prove theorems about the motives and the point counts of the Quot schemes of torsion-free bundles of
arbitrary rank and the stacks of coherent sheaves with zero-dimensional support over reduced singular
curves, as well as their connection.

1.1. Quot schemes. Our first goal is to study a high-rank generalization of the Hilbert schemes of
points. Throughout the paper, let k be a field, and X/k be a reduced curve. For any coherent sheaf £
on X, let Quotg ,, denote the Quot scheme parametrizing quotients of £ with zero-dimensional support

and of degree n. When £ = Oy, it is the Hilbert scheme Hilb,,(X) of n points on X. Let 7 : X — X be
the normalization of X. Similarly, as a local counterpart, let R be the complete local ring of the germ
of a k-curve at a k-point, namely, a reduced complete local k-algebra of Krull dimension 1 with residue
field k. For any finitely generated R-module E, let Quotg,, denote the Quot scheme parametrizing
R-submodules of E of k-codimension n. When E = R, it is the (punctual) Hilbert scheme of n points
on Spec R. Let R — R be the normalization of R.

For a k-scheme V' of finite type, let [V] denote its class in the Grothendieck ring Koy(Vary) of
k-varieties. We also refer to [V] as the motive of V. It is the universal measure that satisfies the
cut-and-paste property [V] = [V \ Z] + [Z] for any closed subscheme Z C V. If k = C, the motive
determines the E-polynomial in the sense of mixed Hodge theory ([35]), which further specializes to
the virtual weight polynomial and the Euler characteristic. If k& =, is a finite field, the motive [V]
determines the point count #V (F,). Consider the Quot zeta functions

ZE(t) = Ze(t) =Y _[Quotg ] t" € 1+t - Ko(Varg)|[t]] (1.1)
n>0
and
ZB(t) = Zp(t) == Y _[Quoty,, ] ¢" € 1 + ¢ - Ko(Vary,)[[t] (1.2)
n>0

as formal power series in t with coefficients in Ky(Vary). We propose the following general question.

Question 1.1. For d > 1, what can we say about Z()f){?;d (1), Zg@d(t), and Zg®d(t)?

There are several natural motivations to this question. For example, the case d = 1 and where R
is a plane curve germ corresponds to an important algebro-geometric model for link homologies and
(generalizations of) ¢, t-Catalan numbers that have been substantially investigated in the last decade
(see [28H3T), 52] and references in [27]). In this direction, a recent Hilb-vs-Quot conjecture [43] relates
ZE(t) and Zg(t). It is natural to ask how the conjectural formula generalizes to d > 1. In another
direction, the cohomology of these Quot schemes are of interest in geometric representation theory
and curve counting invariants [33] 48] [49] 54], and the Quot zeta function recovers the Betti numbers
if a cell decomposition exists.

We now summarize several new results towards Question We first make a technical assumption
adopted throughout the paper. We do not assume k is algebraically closed for the purpose of point
counting over finite fields. However, for simplicity (e.g., to avoid complications from arithmetic), we
assume that all singular points of X are k-points, and every singular point of X splits completely with
respect to 7. Similarly, we assume that as a k-algebra, R is isomorphic to a finite direct product of the
power series ring k[[T']]. These assumptions are automatically satisfied when k is algebraically closed.
From now on, we will refer to these assumptions by Assumption (x).
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Let d > 1 be an integer. We say a coherent sheaf £/X is a torsion-free bundle of rank d if
£ ®oy Frac(Ox) =~ Frac(Ox)®? and the map £ — £ ®o, Frac(Oy) induced from the natural map
Ox — Frac(Ox) is an injection, where Frac(Ox) is the sheaf of rational functions of X. Similarly, we
say a finitely generated R-module E is a torsion-free module of rank d if £ — F ®p Frac(R) ~
Frac(R)®, where Frac(R) is the total fraction ring of R. Both R®? and R% are examples of torsion-
free modules of rank d over R.

Rationality. We are ready to state our first result. Note that we do not assume X or R to be planar.

Theorem 1.2 (Rationality, global). Assume () and the notation above. If £ is a torsion-free bundle
of rank d on X, then ZZ(t) is rational in t. Moreover, Zg((t)/Zg@d (t) is a polynomial in t.
X

This is a common generalization of a recent result of Bejleri, Ranganathan, and Vakil [4] (the d =1
case) and a recent result of Bagnarol, Fantechi, and Perroni [2] (the smooth case). For the latter,
when X is a smooth curve, a torsion-free bundle of rank d on X is necessarily a vector bundle of rank
d. The rationality then follows from the rationality of the Kapranov motivic zeta function Zx (¢) [41]
and their formula

Ze(t) = Zx () Zx (Lt) ... Zx (LKE 1) if X is smooth and £/X is a vector bundle. (1.3)

Here LL := [A!] denotes the Lefschetz motive.
The local counterpart of Theorem [1.2]is as follows.

Theorem 1.3 (Rationality, local). Assume (x) and the notation above. If E is a torsion-free module

of rank d over R, then ZE(t) is rational in t. Moreover, Zg(t)/Zg@d (t) is a polynomial in t.

In fact, we can (and need to) prove a stronger relative statement, see Theorem and Remark

Theorem 1.4 (Rationality, local, relative). If X is a quasi-compact k-scheme and M is an X -
Jamily of torsion-free modules of rank d over @ then the analogous quotient of Quot zeta functions

Zﬁ/x(t)/Z%/X (t) is a polynomial with coefficients in Ko(Schx), the Grothendieck ring of X -schemes.

By (%), we may assume R ~ k[[T]]** for some s > 1; this corresponds to the branching number of
the singularity. Using the standard g-Pochhammer symbol

(a;q)n == (1 —a)(l—aq)...(l—aq”_l), (@;9)00 := (1 —a)(1 —aq)(1 —aq2)~~ , (1.4)
the series Z}%M (t) is given by 1/(t; L) [6]. We define the “numerator part” of ZE(t) by

NZ(t) = Zu(t)/ZE, () = (L L)3Z8(t) € Ko(Vary)[t]. (15)

A general formula for NZ(t) is given in Remark In view of it and our methods in §45] the

computation of Z g@ ,(t) seems much more tractable than Z ﬁ@d (t), see Remark H This aligns with
what is expected in the d = 1 case [43].

Functional equation. When R is a planar curve germ, in spite of the paragraph above, Z }I%@d(t) is often
preferred because we expect it to satisfy a functional equation. More precisely, we conjecture for a
planar singularity R that

NZ poa(t) = (LYY NZ poa (L™, (1.6)
where ¢ := dimy, ﬁ/ R is the Serre invariant. This is known when d = 1 [33] 49, [54], which reflects the
Serre duality on the compactified Jacobian scheme parametrizing torsion-free sheaves of rank 1 on X.

More generally, R does not have to be planar, but being Gorenstein suffices. We formulate an even
more general conjecture as follows. Both the global and the local versions are stated.

1By this, we mean an X-family of R-lattices, see Definition
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Conjecture 1.5 (Functional equation, global). Assume (x), and in addition X is projective of arith-
metic genus gq. Suppose d > 0 and wx is a dualizing sheaf of X, and let € = w;'?d. Then we have

Ze(t) = (LT #2491 7. (L= € Ko(Varg)(t) (1.7)
as rational functions in t.

Conjecture 1.6 (Functional equation, local). Assume (x). Suppose d > 0 and Q is the dualizing
module of R, and let E = Q% Then we have

NZp(t) = (LERYNZ (L% € Ko(Varg)(t) (1.8)
as rational functions in t.

For more about the dualizing module, see If R is Gorenstein (e.g., when R is planar), then we
may take 2 = R. As our second major result, we prove that Conjecture holds in the sense of point
counts over finite fields. Let ||, : Ko(Varp,) — Z denote the point-counting measure, so [L|, = ¢.

Theorem 1.7. In the setting of Conjecture[1.6, if k = Fy, then
INZp(t)]g = (¢ 2%’ |INZp(L~% )|, € Q1) (1.9)

Theorem is an arithmetic result about a lattice zeta function (in the sense of Solomon [59]),
and generalizes a result of Yun [63, Thm. 1.2(2)] (the d = 1 case). We note that lattice zeta functions
also play a role in representation theory, arithmetic statistics, and subgroup growths [17, 40, [46], 55].
The proof is based on harmonic analysis, cf. [10, 63]. However, “geometrizing” Theorem into
Conjecture [L.6] remains difficult, see Remark [7.7]

Torus knots/links. We now answer Question for the planar singularities corresponding to the
(2,2m + 1) torus knot and the (2,2m) torus link, where m > 1. These are among the simplest
examples in the d = 1 case, but when d > 2, new ingredients appear in the results. Let R(2:2m+1) 16
the germ of y? = 22! and R(>?™ the germ of y(y — 2™) = 0. (When k is not of characteristic two,
R(22m) ig isomorphic to the germ of y> = x?™.) For an integer partition A = (A; > Xg > ...), let
X, denote the size of the i-th column of the Young diagram of X\. Write p C X if the Young diagram
of p is contained in the Young diagram of A. For partitions A, u, v, let g/i‘,/(q) € Z|q] denote the Hall
polynomial; see [47] for an introduction. Finally, let (m?) denote the partition whose Young diagram
is a box with d rows and m columns, and for a partition g C (m%), let (m?¢) — u be the partition
corresponding to the complement of p in (m?).

Theorem 1.8. Let m > 1, d > 0, k be any field, and R = R®?"+1). Then NZ poa(t) = NZ%GM(#).
Moreover, NZE_ (t) is an element of Z[t,1] given by

R®d
md
NZE,,() = D> gL (L) @i, (1.10)

pC(m?)

Remark 1.9. We compare NZ paa(t) = NZ%M (t?) to the Hilb-vs-Quot conjecture in [43]. Let R be
any plane curve germ over C, and assume that both NZg(t) and NZ g(t) are polynomials in L and t.

Since the virtual weight polynomial of Al is given by x(A!,¢) = 2, [43, Conj. 1] is equivalent to
NZg(t) = NZE()|L1e, (1.11)

a change of variable different from t ~ t>. When R = R*2?™*1) we have NZ%(t) = Y (b)Y,
SO NZ%(IQ) and NZ%(t)hLHLt coincide. However, when d > 2, our formula implies NZ%@ L) #£

NZE . (8)|LoLe.
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Theorem 1.10. Let m > 1, d > 0, k be any field, and R = R®?*™). Then Nde;d (t) and NZ%EM (t)
are elements of Z[t, L] given by

md — (L_l;L_l))\’
NZ goa(t) = Z gi,(nid),A(L)gﬁu(L) (t;L)fl_)\,th'(Ldt)‘)" MW (1.12)
A€ (md) ’ Hm
and . )
R _ (m?) d (L7517 g
NZE .(t) = C(Zd) Tty (L) (L t)|ﬂ|m_ (1.13)
nC(m

Theorem brings more questions than answers. First, no apparent change of variable seems to
relate NZ % ,(t) and NZ pa(t), but they seem similar enough that they might have a common refinement
by introducing an additional variable; see A natural question is to identify the refinement, possi-
bly as an extra homological grading, which would shed light to the formulation of a d > 2 analogue of
the Hilb-vs-Quot conjecture. Second, Theorem and implies a combinatorial identity stating
that fg,(t,1L) defined as the right-hand side of satisfies fqm(t,q) = (qd2t2d)mfd,m(q*dt*1,q).
This can be viewed as a bounded analogue of the skew Cauchy identity, see Remark and has yet
no direct proof for m > 2. Seeking a combinatorial interpretation for this identity would be of interest.
Numerical data in suggest that fq,,(—t,¢) should have positive and unimodal coefficients.

Remark 1.11. On the positive side, the specializations of NZpa(t) and NZz,(t) at t =1 or L =1
(namely, taking the Euler characteristic when & = C) do have predictable behaviors, see Finally,
formulas in Theorems and can be written explicitly in terms of g-Pochhammer symbols by

applying (3.5) and Theorem Moreover, for the (2,2) link, (1.12)) can be simplified, see

1.2. Motivic Cohen—Lenstra zeta function. In [30], from the perspective of matrix Diophantine
equations, the first author studied an enumerative invariant attached to any variety that counts zero-
dimensional coherent sheaves. It generalizes a zeta function introduced by Cohen and Lenstra in the
seminal work [14] and is closely related to a wide range of topics in number theory, algebraic geometry,
representation theory, and mathematical physics, such as matrix Diophantine equations, commuting
varieties, quiver representations, and Donaldson—-Thomas theory [3], [7, @, 211 [38].

More precisely, for an arbitrary field k, let Ky(Stcky) be the Grothendieck ring of k-stacks with
affine stabilizers, which is isomorphic to the localization of K (Stcky) at [GL,,] for all n > 1 [20]. We
canonically map Ko(Stcky) into Ko(Varg)[[L™!]], the completion of Ko(Vary)[L~!] in the dimension
filtration, as in [9, §2]. For any scheme X/k of finite type, let Coh,(X) be the stack of 0-dimension
coherent sheaves on X of degree n. As a local analogue, for a complete local k-algebra R of finite type
with residue field k, let Coh,(R) be the stack of R-modules of k-dimension n. Define power series

Zx(t) =) _[Cohy,(X)]#" € 1+t - Ko(Steky)|[[t]] (1.14)
n>0
and R
Zg(t) :=")_[Cohn(R)|t" € 1+t - Ko(Stcky)|[[t]] (1.15)
n>0

with coefficients in K(Stcky). We call them the motivic Cohen—Lenstra zeta function. When R
is the germ of a curve satisfying (*) in we define the “numerator part” of Zg(t) by

NZR(t) = Zr(t)/ Z5(t), (1.16)
where R is the normalization of R. Note that Eﬁ(t) = 1/(L7 1 L71)s, in Ko(Varg)[[L™1,#]], where

R~ E[[T]]**. (We also treat (L~'t; L") as an element in Ko(Stcky)[[]] via Euler’s identity.)
There are philosophical reasons to expect the lack of a satisfactory theory for Z r(t) in general:

the category of finite-dimensional R-module is wild, our moduli problem has no framing (or stability

condition) in the sense of quiver varieties, etc. Indeed, little has been known beyond the cases where
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R is the germ of a smooth curve or smooth surface [36]. However, we show that Zz(t) and Zpea(t)
defined in §1.1] are intimately connected, as below.

Let R be a (not necessarily reduced or one-dimensional) complete local k-algebra of finite type with
residue field &, and let m denote the maximal ideal of R. We refer to this by Assumption (*x), which
is much weaker than (x). We equip Ko(Varg)[[L7!][[t]] (denoted Ko(Vary)[[L~1,¢]] in short) with
the topology induced t-coefficientwise from the topology on Kg(Varg)[[L~!]] given by the dimension
filtration. Note that it restricts to the usual topology on the power series ring Z[[L~!,]] via the
canonical inclusion Z[[L™!, #]] < Ko(Varg)[[L~1,#]].

Theorem 1.12 (Rank — oo limit). Let R satisfy (x*). Then limg oo Zgea(L™%) converges, and
Zr(t) = lim Zped(L™%). (1.17)
d—o00

We now focus on the planar singularities R>™. Using the new techniques granted by Theorem
1.12, we compute Zpen (t) for n > 2. For an integer partition A, define a polynomial in ¢ by

i S AP -1, -1
ag(N) = == [ a7 a o, (1.18)
i>1
The polynomial aq4(\) arises in counting automorphisms, see [47, p. 181].
Theorem 1.13. For m > 1, we have
— 2kl )
NZR(2,2m+1)(t) = Z € Z[[L_ ,t]], (119)
g ar. (1)
w1 <m
where the sum extends over all partition u whose parts are at most m.
Theorem 1.14. For m > 1, we have
_ (L)( —1yy t2A=le
NZ pzom (t) = (L7 1712 m e Z[[L7 4, ). 1.20
R(2,2 )() ( )oo Z ( )(]L 1 ) , (L_lt;L_l)g\, H H ( )
AHLLJ/ m
A1<m

Remark. For k = F, and n > 2, the formulas imply |NZ Rm (t)|q converges for t € C, see Remark

Example 1.15. Using Theorem and Theorem and techniques from [36], one can count
solutions to certain matrix equations over finite fields. For example, (1.19) with m = 1 implies

L5)

. _ _ _ 7 % i2—j)4+n(n—2j (H“L)
[{(A, B) € Mat, (k)2 : AB = BA, A> = B}}] = ;)(—1) L2 (3% ) +n(n—2 >(L DGl (1.21)

and setting . — ¢ gives the count over k = [F,. Analogous counts with nilpotent matrices can be
similarly obtained.

Special values and Rogers—Ramanujan. The celebrated Rogers—Ramanujan (RR) identities are two
formal identities of the form “infinite sum=infinite product=modular form”. We propose a surprising
arithmetic geometric framework to obtain infinite families of new generalizations of RR identities.
Namely, we take the special values ﬁR(:tl). The case of R(2"+1) makes the connection evident:
by , one of Andrews—Gordon’s generalized RR identities [I, Cor. 7.8] can be restated as

— 1 _
NZ peamin (ED) |15 = Y ag-1(p) 11 (1-q¢"~ ' e z]q], (1.22)
n#Z0,£(m+1) (mod 2m+3)

pipr<m 4
On the other hand, considering R(%2™) yields and suggests new infinite families of identities.

Theorem 1.16. For m > 1, we have NZR@,zm)(l) =1.
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Conjecture 1.17. For m > 1, we have a formal identity
m+1)2

2. 2 m+1.
(o e ey < 2l 20

Remark. When m = 1, both identities were previously obtained by the first author [36].

NZ p,2m) (_1)‘L*1'—>q =

An important feature of these identities is that the “sum side” involves partitions with parts bounded
by m. This, and the presence of Hall(-Littlewood) polynomials, notably align with an influential
framework due to Griffin, Ono, and Warnaar [34] from a completely different perspective, namely,
affine Kac—Moody algebras. However, both Theorem and Conjecture [1.17] seem new. In view of
the Oblomkov—Rasmussen—Shende conjecture [52], our framework might be connected to knot theory.
To conclude, we summarize our conjectures.

Conjecture 1.18. Let R be a plane curve germ over C. Then

(a) There exists a formal power series Hr(t;q) € Z[[q,t]] such that NZR(t) = Hp(t;L71).

(b) ([36]) For complex numbers t,q with |q| < 1, the series Hr(t;q) converges.

(c) There is a rational number r(R) such that "' Hg(1;q) and ¢"®)Hp(—1;q) are Fourier ex-
pansions of modular functions (of weight 0).

(d) Hg(t;q) (or at least Hr(£1;q)) is determined by the topology of the associated link of R.

Remark 1.19. The case R = R™ provably verifies Conjecture [1.18{(a)(b). Partially conditional on
Conjecture Conjecture [1.18{(c) is verified by R = R®™ with s(RZ>?™+1)) = —m /(24m + 36) (see
for example [58]) and x(R(Z?>™) = 0.

1.3. Methods and organization. To obtain our results, we need a mixture of many techniques. We
first overview the methods revolving the Quot zeta functions. Some initial steps are standard: in §2|we
clarify why every global statement can be reduced to local statements, and in the opening discussions
of §4 we recognize Zg(t) for torsion-free E as instances of (motivic) lattice zeta functions. After that,
we use two different techniques to compute the lattice zeta functions. The proofs of Theorems
and use novel ingredients: an explicit parametrization of sublattices based on the extension
operator L + RL (see , and a generalization of affine Grassmannians (see . On the other
hand, the proof of Theorem [I.7] is a straightforward application of Tate’s thesis in the same manner
as Bushnell-Reiner [I0] and Yun [63], see [/} These two methods seem mutually irreplaceable in the
theorems they prove respectively.

To relate the motivic Cohen—Lenstra zeta function to the Quot zeta functions, we “overparametrize”
Cohy,(R) with Quotgea,, in the spirit of ADHM constructions (cf. [39, 51]), and show that it has a
well-controlled overcount. Geometrizing this idea gives Theorem [6.1], see The rank — oo limit
formula (Theorem then follows directly.

Finally, in explicit computations for the y?> = " singularities, Hall polynomials arise naturally.
This is essentially because the local ring in question satisfies a special property that its quotient ring
by the conductor ideal is isomorphic to a DVR quotient, see To simplify expressions involving
Hall polynomials, we use standard transformation identities of ¢g-hypergeometric series, see

The paper is organized as follows. In §2| we show Theorem [1.3]implies Theorem [I.2] and Conjecture
implies Conjecture In §3| we state some preliminaries. In §4 we prove the rationality (Theorem
up to point counts. In §5| we make it motivic. In we prove the rank — oo limit formula
(Theorem . In §7| we prove the functional equation (Theorem . In §8| we apply the method
in §4 to analyze the case of R(2™). In we prove some formal identities arising from the explicit
computations above, and give further observations and data.

We remark that most of the sections can be read independently, since they employ different tech-

niques, except that §5] and §8| require §4

Acknowledgements. We thank Dima Arinkin for some important ideas towards §dland §5] and S. Ole
Warnaar for proving several identities in We thank Jim Bryan, Barbara Fantechi, Asvin G, Lothar
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Gottsche, Eugene Gorsky, Nathan Kaplan, Mikhail Mazin, Leonardo Mihalcea, Alexei Oblomkov,
Ken Ono, and Dragos Oprea for fruitful discussions. The first author is partially supported by the
AMS-Simons Travel Grant.

2. REDUCTION TO THE LOCAL CASE

The following lemma relates the global and local Quot zeta functions. Recall the notation in ({1.3]).

Lemma 2.1. Suppose X/k is a reduced curve, x1,...,x, are k-points of X, and U := X \{x1,...,2z,}
is smooth. Let £ be a torsion-free bundle on X of rank d. For 1 < i <, let R; := Ox_, and let E;
be the completed stalk of £ at x;. Then

Ze(t) = Zy(t) Zu(Lt) ... Zu (L) ] 25 (1) (2.1)

=1

Proof. Forn',ni,...,n, > 0,let n = n'+3 7, n; and consider the locally closed subscheme Q, (5, .. )
of Quotg ,, parametrizing subsheaves of £ whose quotient has length n’ support in U and length n;
support at z;. We have

T
R;
Quoté{n = |_| Qu/ (n1,nr) = |_| QUOtgb,n' X H Quoty; ,, (2.2)
i=1

”'+Zf:1 n;=n n/+Z::1 n;=n
where the superscripts are introduced to disambiguate. It follows from the definition of the series that
ZE(@) = Zg‘U(t) I, Zﬁ; (t). Since U is a smooth curve, &y is a vector bundle of rank d. Applying
(1.3)) to U and €|y, the proof is complete. O

From here, assuming (x), a standard cut-and-paste argument shows that Theorem implies The-
orem [1.2] and Conjecture [I.6] implies Conjecture [1.5

3. PRELIMINARIES

3.1. Some commutative algebra. The following lemmas will be repetitively used later. Here, R, A
are commutative rings with 1.

Lemma 3.1. Let R be a direct product of finitely many Noetherian local rings, and M be a finitely
generated module over R. Then GL,(R) acts on Surj(R"™, M) transitively, namely, if F1, Fy are sur-
jections R™ — M, then there is g € GLy(R) such that Fo = F} o g.

Proof. Without loss of generality, we may assume R is a Noetherian local ring. The conclusion then
follows from the uniqueness of the minimal free resolution, see [19, Thm. 20.2]. O

Lemma 3.2. Let A be a ring and V1,V be A-modules with V1 C V. If V1 is a direct summand of V,
then for any decomposition V.= Vi @ Vs, there is a bijection
{WCaV W+ =V} = {(W,p): W Ca V1,0 € Homa(Va, Vi /W3,

3.1
W= (W NV, ow), (3:1)

where oy is defined by the composition Vo — V — V/W ~ Vi /(W N V7).

Proof. Tt is routine to check that the following construction gives the inverse map: given (W', ),
define W to be the kernel of the map 1 & ¢ : V4 & Vo — Vi /W’ where 1 denotes the quotient map
Vi— Vi /W' O



TORSION-FREE BUNDLES OVER SINGULAR CURVES 9

3.2. Hall polynomials. We recall the definition of Hall polynomials, which appear in Theorems

and Let (R, m,F,) be a discrete valuation ring (DVR) with uniformizer 7 and residue field
[F,. For a finite(-cardinality) R-module M, the type of M is the unique partition A = (A1, A2,...,\)
with
l
M~EPR/T R, A=A > =\ (3.2)
i=1
We denote the type of M by Ag(M), or simply A(M).

For finite R-modules N C M, we define the cotype of N in M to be A(M/N). The definition and
basic properties of Hall polynomials are given below, which are all we need in

Definition-Theorem 3.3 ([47]). Given partitions A, i, and v, there exists a universal polynomial
g;)l,(q) € Zq] such that whenever ¢ is a prime power and R is any DVR with residue field F,, the value

g/i‘y(q) represents the number of submodules with type p and cotype v of a fixed R-module with type
A. Moreover, we have (i) gﬁy(t) = g;\u(t), and (ii) gﬁy(t) = 0 unless || = |p| + |v| and p,v C A

In §9] we will need the following explicit formulas. Define the g-binomial coefficients by

r s Or (€5 Qnr
Theorem 3.4 ([62]). For partitions p C A, the following identity in Z[q] holds:

ZQW _y z>1ﬂz()\/H)H{ “m] , (3.4)
g1

i>1

[”] = (qq(q‘”” €Zlg, n>r>0. (3.3)

Note that g;) (¢) can be interpreted as the number of submodules with type (or cotype) p of a fixed
R-module with type A.
Remark 3.5. As an important special case, let A = (m%) be the d x m box, and p C (m?), where

d
d,m > 0. We have that g,(ﬁf )(q) is nonzero for precisely one partition v, namely, v = (m%) — p. It
follows that

g (¢ Yq Y

] 2 —1.,—1 :
q2121 M HiZI(qil;qil)M;_Ng.H (q 3 q )dfu/l

g™ (g) =g (q) =

py(md)—p

(3.5)

d
We note that ng )(q) does not depend on m, as long as m > Aj.
In the proof of Proposition we need the following consequence of Nakayama’s lemma.

Lemma 3.6. Let (R, 7,F;) be a DVR, d > 0, and M be an R-module of type p with p) < d. Then
(¢ 57"

the number of surjective homomorphisms R* — M s qd|“|( T .
qa q d—p

Proof. Note that M /7 M ~ ]Ff;ll. By Nakayama’s lemma, the probability that a homomorphism R —

M be surjective is the same as the probability that an F4-linear map Fg —F 51 be surjective. (Il

4. PARAMETRIZING SUBLATTICES

The crux of the proof of Theorems and is a new and somewhat more elementary
method to compute the lattice zeta function, which is the goal of this section. We first review the
lattice zeta function of Solomon [59] and clarify its connection with Zg(t).
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Assume R satisfies (x), recall the notation therein, and let K = Frac(R) be the total fraction ring
of R. For a free module V over K of finite rank, a (full) R-lattice in V is a finitely generated R-
submodule L of K¢ such that KL = V. For d > 0, an R-lattice in K¢ := K% is also called an
R-lattice of rank d. When k is a finite field, the lattice zeta function of an R-lattice M is defined by

Chi(2) = Cu(z) = Y IM/L|Z, (4.1)

LCrM

where the sum extends over all R-sublattices of M. It is closely related to the Quot zeta function of
M as an R-module: we have (y/(2) = |Za(¢™7)|q. In this sense, even when £ is infinite, the Quot zeta
function of an R-lattice M can also be called the motivic lattice zeta function of M.

If F is a torsion-free module over R of rank d, we may find an R-lattice of rank d that is isomorphic
to F by fixing an isomorphism E ®r K ~ K¢ and considering the embedding E — E ®p K ~ K.
Denote its image by M, then Zg(t) = Za(t), and thus is an instance of the motivic lattice zeta
function. As usual, even though Zg(t) depends only on the isomorphism class of E, it is necessary
that we work with a fixed embedding E — K.

The lattice zeta function has been intensively studied [T0-12, 44} [63] and is of interest in number
theory. The usual method is to divide the set of sublattices of M into isomorphism classes, and express
the contribution of each isomorphism class as an integral on GLy4(K), see §?] However, torsion-free
modules of rank d > 2 are hard to classify. Moreover, the family is “wild” in both categorical and
geometric senses [I5] [16], even for simple examples such as the y? = 3 singularity. In order to make
explicit computations and prove geometric statements about Zg(t), we need a parametrization of
sublattices of M that does not depend on the classification of torsion-free modules up to isomorphism.
In this section, we describe our parametrization in general, which will be applied to the case of y? = 2"
singularities in Along the way, we keep track of various lattice counts over finite fields, which lead
to the point-counting versions of Theorems

4.1. Notation. Let k, R be given, and assume (x) and the notation of Fix an isomorphism
R ~ k[[T1] X ...k[[Ts]]; we call s > 1 the branching number of R. For 1 < i < s, denote
R; = k[[T}]] and K; = k((T})). Let ¢; € R be the idempotent associated to the factor k[[T}]], and let
T=(T,...,Ts) € R. By abuse of notation, define T; := ¢;T" as an element of é, which identify k[[T;]]
with a subring of R.

For any k-vector spaces L1 C Lo, define the (additive) index of Lj in Ly to be [Lg : Ly] :=
dimy Lo/Ly. In particular, this applies to a pair of nested R-lattices L1 C Ly of K¢ The definition of
index can be uniquely extended to any pair of R-lattices by [L1 : La] + [Lo : L3] + [L3 : L] = 0.

Let ¢ be the conductor of R, namely, the largest ideal of R such that ¢ CR. For1<i<s,letg
be such that ¢ = (ﬂci)leﬁ, and write ¢ := Y7 ; ¢;. We have R:c=c

From now on, we fix d > 1, and unless otherwise specified, a lattice refers to a lattice in K¢.

4.2. Extension fibers. Our main idea to parametrize R-lattices L is to first consider RL as an R-
lattice in K. Parametrizations of R-lattices are well-known, for example, using the Hermite normal
form [59]. For each R-lattice L, we shall classify R-lattices L whose extension is L. We define the
extension fiber by

Er(L):={LCrL:RL=L}. (4.2)
The following simple observation is crucial.
Lemma 4.1. For all L € Eg(L), we have ¢L C L C L.
Proof. This is because L = RL D ¢L = (¢cR)L = ¢(RL) = cL. O

Remark 4.2. It follows that [L : L] < cd for L € Eg(L).
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Recall that our precise goal is to parametrize R-sublattices of a given R-lattice M. To this end, we
define the restricted extension fiber by

Er(L; M) :={L € Eg(L) : L C M}, (4.3)

and study ER(E; M) as L varies. In order for F R(E; M) to be nonempty, it is clearly necessary that
L C RM. However, L can have arbitrarily high index in RM. To restrict our attention to L of
bounded indices in RM, we prove the following “padding” lemma.

Lemma 4.3 (Padding lemma). Let M be an R-lattice contained in an R-lattice M. Then for any
R-lattice N, there exists g € GLq(K) with g(N) = N + M such that N — g- N induces a bijection

Er(N; M) — Eg(N + M;M). In fact, any g € Isom (N N + M) such that gz —x € M does the job,
and such g exists.

Proof. Denote L:=N+ M. Then the R-linear map N—>L /M induced by the inclusion map N> L
is a Surjectlon By comparing the above surjection with the quotient map L — L/ M, noting that
N~Lr~ Rd and applymg Lemma we conclude that there exists g € Isomz (N L) such that
gx—mmodeoralla:EN

Now let such g be given. Then g induces an isomorphism Er(N) — Eg(L). It remains to show
that gN C M for any N € ER(N; M) and g~'L C M for any L € ER(E; M). To prove the first claim,
we recall that M C M and note for any N € Ex(N; M) and z € N that

gr=x=0 (mod M). (4.4)
The proof of the second claim is similar, where we note that g='y = y mod M for all y € L. O

Thanks to the padding lemma, it suffices to consider E r(L; M) for L D M. Given such L, we still
need to classify all N such that N + M = L. This is achieved by the following lemma.

Lemma 4.4. Let M C L be two R-lattices. Define r; = rk;(L/M) := rk (L/M Qf R;), the minimal
number of generators of E/M ®p R; as an R;-module. Then there is a bzyectwn

{NgEE;N+M=E}—>ﬁ{(N;, i) : N! Ci R, ; € Homp (R, RY- “/1\75)}. (4.5)
=1

Moreover, under this bijection, we have [L : N] = Zle[éd_ri . N/J.

7

Proof. Wlthout loss of generality, we may assume s = 1 and drop the subscript ¢ throughout. In light
of Lemma it suffices to find a direct sum decomposition L=ILng Lo such that L™ ~ R~ r
Lowt ~ Rr. and

(The notation L™ and L°"* will soon become clear. In fact, it will turn out that L™ C M and L°
can be viewed as “the part of L outside M?” in some sense. We drop the tilde in the notation as a
warning that L™ and L% are not lattices of rank d.)

To construct L™ and L°“, we consider the quotient map w : L — E/ M and fix any surjection
a:R =L /M, where r is the minimal number of generators of E/ M. Since L is free, thus projective
as a module, there exists a map f : L — R" such that 7 = a o 8. Since « is an isomorphism mod
m and 7 is surjective, by Nakayarna s lemma, §3 is surjective. Let L™ := ker(3). To define L°", note
that 8 has a splitting ~ : R" — L because the target of 3 is free. Let L°" = im(v). Then it is clear
that Lt ~ R4 [out ~ RT and L = L ® Levt,

It remains to prove . We note that N + M = L if and only if the composition N < L — L /M
is surjective. Similarly, ]v +L" = L if and only if the composition N<L—L /L = R is surjective.
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But these two maps differ by «, which is an isomorphism mod m, so their surjectivities are equivalent
by Nakayama’s lemma. ([l

Remark 4.5. When M and L are fixed, our construction realizes (4.5) as an isomorphism of k-
varieties. Moreover, on a stratum of the right-hand side with [R;-i_” : N!| = n,, forgetting all ¢; for

1
1 <4 < s induces a fibration onto [[;_; Quotgfi,” with fiber A2i=17i%  This will be needed in

i

Remark 4.6. We note that the space of ¢;’s, namely Hom (é?, Ef_” / N{ ), is a k-vector space of

i

dimension 7;[RY™" : N!]. When k = F, is a finite field, by Solomon’s formula [59]

S Rl 1 (4.7)

M Gy Fq [T (t:q)a

we have

3 t[m]:ﬁ S RS R (4.8)

N:N+M=L =LNicy R
S S
1 ()
~1— _ i Q) (4.9)
S (@t Q) ar, (t; )

We summarize the recipe to parametrize sublattices of M while keeping track of their indices. First,
we need to choose and fix M as in Lemma For example, we may choose M to be ¢M, or the

unique maximal R-lattice contained in M. To account for all possible E R(E; M) we need to consider,
define the set of boundary R-lattices for M /M to be

(M) :={L 2z M : Eg(L; M) # o}. (4.10)
Assuming the bijections in Lemmas [£.3] and [£.4] are fixed in advance, giving N Cr M amounts to
e Choosing L € 5M(M),
e Choosing N using the data at the right-hand side of (4.5)), and independently choose L €
Er(L; M).

The target lattice N is then obtained from L via the bijection in Lemma Moreover, the index
[M : N] can be read from the classification datum by

[M:N]=[M:L+[L:NJ+[N:N]=[M:L]+ (Zs:[éf‘” :Kf{}) +[L: L. (4.11)
=1

The classification above immediately leads to the following formula for |[NZy;(t)|, when k = F, is
a finite field. It implies the point-counting version of Theorem In we will perform explicit
computations based on Proposition [4.7]

Proposition 4.7. Assume the previous notation, and assume k = F,. Given an R-lattice M, and a
choice of R-lattice M with M C M, we have

NZu(D)lg = () 3, MM = 3 (H(t;ani(m) ST 1)
NCrM Ledy (M) Ni=1 LEER(L;M)
Proof. The formula follows from combining Lemma Lemma Remark and (4.7)). O

Corollary 4.8. In the setting above, |NZp(t)|q is a polynomial in t of degree at most (2¢ + s)d.
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Proof. We choose M = ¢M when applying (4.12]). The factor [[;_, (¢; q)rki(z /M) is a polynomial in ¢

of degree at most sd. To bound [M : L] for L € Er(L; M), we note that [M : L] = [M : L)+ [L : L],
where

[M:L)<[M:M]=[M:cM]<[RM : cRM] = cd, (4.13)
and [L : L] < c¢d by Remark It follows that |NZps(t)|, is a polynomial in ¢ of degree at most
(2¢+ s)d. O

Remark 4.9. If M is an R-lattice M (i.e., M ~ éd), then choosing M = M simplifies (4.12) to

INZE (1)), = ZN {ML] (4.14)

LEER(M)

Remark 4.10. The polynomial |NZ,(t)|, has an easy special value at ¢t = 1. In ([@:12), noting that
(1;¢)n = 0 for n > 0, the only L that contributes to |[NZ¥(1)|, is L = M. Therefore, we have

INZE(1)]g = #Er(M) = #Er(RY) (4.15)

for any R-lattice M of rank d. In particular, the special value of |NZ ¥, (t)|, at ¢t = 1 depends only on
R and d but not on M. When d = 1, this compares to the Jg(0) statement of [63, Thm. 2.5(2)].

So far, we have proved the point-count version of Theorem However, this argument not yet
implies the motivic statements since our parametrization involves noncanonical bijections to be fixed
in Lemmas [4.3] and Lemmas We resolve this gap next.

5. GEOMETRY OF LATTICES

In this section we introduce a generalization of affine Grassmannians and study their properties.
These will be used to prove the motivic rationality. Assume the setting and notation in and fix
R throughout this section.

5.1. Affine Grassmannians and their generalizations. We first introduce the moduli space of all
R-lattices, which is a generalization of the notion of the affine Grassmannian. Let S be a k-algebra.
We write S®R resp. S®K as the completion of S ® R resp. S @ K with respect to the 1 ® m-adic
topology. For example, SRK[[T]] = S[[T]] and SRk((T)) = S(T)).

Definition 5.1. An S-family of rank d R-lattices is a finitely generated S® R-submodule £ C S®K?,
such that £ ® (S®K) = S®K? and S®K?/L is locally free over S. An S-family of rank d R-lattices
can be thought of as a family of torsion-free R-bundles over S. Let Grg g4 be the functor over Alg,
sending S to S-families of rank d R-lattices. We often abbreviate Grg 4 as Grg, while keeping d
implicit.

Remark 5.2. If R = k[[T1]] x --- x K[[T3]], we write T = T} + --- + T, in place of T for clarity.
Since L is finitely generated, one can show using the conductor that there exists ¢ > 0 such that
T'SRRC L CT'S®R.

Remark 5.3. Given a finitely generated locally free S®R-module £, there exists a Zariski cover
S’ — S such that Lg is free over S’®R. To see this, one can assume that S is a local ring. Then
S®R is also a local ring. Therefore, Lg is free.

Proposition 5.4. Grg is represented by an md—pmjective—schemﬂ over k.

2Recall that an ind-scheme X is a functor, which can be written as a union of subfunctors X = J, X;, such that each
X, is represented by a scheme, and X; < X,;11 is a closed immersion. If P is a property of schemes, e.g., projective.
Then an ind-scheme is said to be ind-P, if every X; has P.
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Proof. The proof is routine. Let Grg , be the scheme | |-, Gr(r, T—'R/T'R). Let Grg; : Alg; — Set
be the subfunctor of Grg ,, defined as

Grg; : S+ {S®R-module quotients T 'SRR/T'S®R — Q that are locally free over S}.  (5.1)

By Remark S-families of rank d R-lattices £ such T%S SR CLC I‘%@fi correspond bijectively
to S-points of Grg;. Therefore Grg = |J; Grgr;. If we pick a finite k-spanning set {g1,¢92,...,9n} of
R modulo T"R, we can re-interpret Grg; as

S-submodules M C I‘%@E/Zié’@ﬁ with quotients locally free over S,} (5.2)

GI‘RJ':SF—) .
and g;M C M for j =1,2,...,n.

Since each g; imposes a closed condition, we find that Grg; is a closed subscheme of Grg,. In
particular, Grr; is projective. This implies that Grr; — Grpg 41 is a closed embedding. Therefore
Grp is ind-projective. O

Corollary 5.5. Let S be a k-algebra. An S-families of R-lattices is defined over a finite type subalgebra.

Proof. An S-family of R-lattices is an S-point of Grg, which factors through some Grg; for i > 0.
Since Grg; is finite type, it commutes with direct limit. Writing S as a direct union of finite type
subalgebras, we see that an S-point is factors though some finite type subalgebra of S. 0.

Remark. From now on, we write U for the universal lattice over Grg. We will also use the notation u
for the universal lattice over Grg.

5.1.1. Bounded affine Grassmannians. Now we work relatively over a certain base scheme. It is harm-
less to assume that the base is affine. So let S be any affine algebra. Let M, M’ be S-families of
R-lattices, and let S’ be any S-algebra. Write Grg g for the base change of Grg to SpecS. Define
three subfunctors of Grg s : Algg — Set as follows:

(a) Grgr([M,0)): its S’ points are S’-families of lattices that contain Mg.

(b) Grg((—oo, M]): its S’ points are S’-families of lattices that are contained in Mg.

(c) Grr(IM’, M]) = Grr([M', 00)) N Grr((—o0, M]).
To ease notation, we will also denote Grg((—o0, M|) resp. Grgr([M’, M]) as Grr(M) resp. Grr(M', M).
The readers are encouraged to assume S = k upon first reading.

Lemma 5.6. Grr([M,o0)) and Grr(M) are ind-closed in Grg,gs, while Grr(M', M) is a closed
subscheme of Grg,g.

Proof. Recall the subfunctor Grg; from Proposition [5.4 As noted in Remark [5.2} one can pick i
sufficiently large so that T°S®R C M C T 'S®R. Then Grg(M) N Grg,; resp. Grr([M, o)) NGrg,

is just the pullback of the closed subfunctor of Grg, o whose S’-points are locally free S’-quotients of

I_i5’®§/zi5’®ﬁ whose kernels are contained in M/IiS’QAQﬁ resp. contain M/IiS’(@E. Therefore,
Grr(M) and Grg([M, 00)) are ind-closed. The fact that Grr(M’, M) is a closed subscheme follows
easily. O

Let py resp. p2 be the projection of Grg g to Grg resp. SpecS. We have pullback lattices p;, M and
piU over Grgs. By the definition of families of lattices, the quotient (p3M/pild)Ge,(m) s a locally
free Grp s-module. Accordingly, Grr(M) admits the following grading

Grp(M) = | | Grp(m), (5.3)

n>0
where each component Gr(M) is an open and closed subscheme of Grr(M), and (p3M/piU)crp ()
is locally free of rank n. By taking Gr'iz(M’, M) = Grr(M', M)NGri (M) we also obtain a grading of

Grr(M’, M). But note that Griz(M', M) = 0 if n > 0. A similar grading also exists for Grr (M, c0)),
but won’t be used. One reason to study these bounded affine Grassmannians is their relation to Quot
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schemes. Let the relative Quot scheme Quotf/[ /s De the functor Algg — Set sending S'/S to
S'® R-quotients (equivalently, S’ ® R-quotients) of Mg which are locally free S’-modules of rank n.

Proposition 5.7 (Bounded Grassmannian < Quot). Griz(M) ~ Quot/}a/s’n.

Proof. Let S’/S be an object of Algg. We crucially note that since S'‘@K9/ Mg is S'-flat, for any
finitely generated S'®R-submodule £ C Mg/, we have that S'@K¢/L is S'-flat if and only if Mg/ /L
is S'-flat, see [60, 00HM]. It is then routine to check that £ — (j : Mg — Mg/ /L) and ker(j) <+ j
gives a bijection Griz(M)(S") — Quotf/l/s’n(S’). O

5.1.2. Padding cells. Let M" C M be an inclusion of two S-families of R-lattices. Define a subfunctor
Pdr(M’', M) C Grg(M) whose value over a ring extension S’/S are S’-families of sublattices £ C Mg
such that £+ M, = Mg/. Note that Pdg(M’, M) comes with a distinguished S-point corresponding
to M. We call this point e. Furthermore, Pdg(M’, M) is equipped with a grading Pd%(M’, M) that
comes from intersecting with Gr's(M).

Lemma 5.8. Pdr(M’', M) C Grgr(M) is ind-open in Grr(M).

Proof. There exists ig, such that M’ D T%§ DR. Define, for i > ig, Gr} to be the S-relative Grassman-

nian parametrizing locally free quotients of the bundle M/T?S®R. Then Grg(M) is the direct union
of the closed subschemes Grr(M)NGr;. Then Pdz(M', M)NGry is just the pullback to Grg(M)NGr}

of the open subfunctor of Gr} whose S’-points are locally free S’-quotients of M /TS’ ®R whose kernel
K € M/T'S'&R satisfies the property that K + (M'/T'S'®R) = M/T'S'®R. O

Remark 5.9. Padding cells geometrize of the notions in Lemma[4.4]and the two remarks that follow.
Let M C M be two R-lattices over k, and define r; = rk;(M /M) as in Lemma The computation
in Remark 4.6 translates to the fact that, as elements in K(Varg)[[t]],

s

S [Pdp(M, M) = (51) [ (5L (5.4)

n>0 i=1

5.1.3. Local triviality. In the following we work exclusively over R = R. Let S be a k- algebra and let
M, M be S-families of R lattices such that M C M. We will call M trivial, if it is free. Equivalently,
if it is isomorphic to the base change of a lattice M over k along the morphism k& — S. Similarly, the
inclusion M C M is called trivial, if it is isomorphic to the base change of an inclusion of lattices
M C M over k along the structural morphism. Clearly, in both cases, M can be taken as R

Lemma 5.10 (Zariski local triviality of Mv) Any S-family of R-lattices is Zariski locally trivial.

Proof. This is an easy consequence of [64] Lemma 1.8], in which one first reduces to the Noetherian
case by Corollary and invokes the local criterion of flatness. O

Lemma 5.11 (Constructible local triviality of M C Mv) There is a stratification of S such that

M C M is trivial over each stratum.

Proof. By Corollary [5.5], we can reduce to the case where S is finite type. We can then reduce to the
case where S is integral and the branching number of R is s = 1. By Noetherian induction, it suffices
to show that after Shrlnkmg S, M C M is trivial. From Lemma we may also assume that M is
already trivial, i.e., M = @jzl [T])e;-
Let F' be the fraction field of S. The theory of Smith normal forms implies that there is a basis
{vjhi<j<a of MF such that {T™v;}1<j<q is a basis of Mp. For each 1 < j < d, we can write
d

vj = ZZajerrel, ajir € F. (5.5)

=1 r>0
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Let ¢ > 1 be an integer such that TiM C M (this is the case if and only if n; <4 for all j). Then
the set {ajir }1<ji<d,0<r<i is nonzero only for finitely many elements. So possibly shrinking S, we can

assume that {aj; }1<ji<do<r<i € S. It is then easy to see that there exists {U;‘}lgjgd C M, with the
property v; = v; mod T

Note that (aji0) € GLg(F). Possibly shrinking S, we can assume (a;;0) € GL4(S). Then {v}}lggd is
also a basis of M. On the other hand, let M’ be the sublattice of M spanned by the set {T™ U}}lgjgd.
It is clear that T°S[[T7]] is contained in both M and M’. Moreover, M /T*M = M'/T*M as submod-
ules of M/T'M. Tt follows that M = M’. This implies that {T"v}}1<j<a is a basis of M. This
shows that M C M is trivial, as desired. 0

The following are direct consequences of the above lemmas, whose proof is left to the readers.

Corollary 5.12 (Grg(M) as Zariski fibration). Grii(M) is a Zariski fibration of over S with fibers
isomorphic to Gr'y(RY).

Corollary 5.13 (Pdﬁ(/\m/l,//\\/l/) as constructible fibration). Consider a pair of R-lattices M C M.
Then there is a stratification Spec S = | | o Xo trivializing M C M, i.e., for each o, there exists a
pair of lattices Mo C M, over k whose base change to X, is isomorphic to Mx, € Mx,,.

5.2. Loop space interpretations. For Y/k an affine variety, define functors
LEY : Alg, — Set, S+ Y (S®K), (5.6)
L®Y : Alg, — Set, S +— Y (S®R). (5.7)

In this section, we will exclusively work in the setting R = R. For example, when R = k[[T]], these
definitions recover the classical definition of loop and arc spaces LY and LYY, cf. [64]. When R is a
product of s copies of k[[T]]’s, then LX X resp. LX is just a product of s copies of LY resp. L1Y.

5.2.1. Main players. We will begin by assuming that s = 1, i.e., R = k[[T]]. Let V be a d-dimensional
k-vector space and let GL(V') be the general linear group over V. When the context is clear, we will
just write the group as GL. It is classically known that L% GL is an ind-scheme, while L GL is a
pro-algebraic group. We refer the readers to [57, Appendix A] for a general discussion of pro-algebraic
groups, their actions on ind-schemes, and torsors under pro-algebraic groups.

For our purpose, we also introduce several ind-subschemes of L GL. Let Lf GL be the closed ind-

subscheme whose S-points are elements in GL(S®K) with entries lying in S ®R. Note that Lf GL is
only a semigroup.

For a flag p : W C V| there is a parabolic subgroup P, C GL fixing p. Let K, be the kernel of the
natural morphism P, — GL(V/W). The construction yields an ind-closed subgroup LXK, C L¥ GL
and a subsemigroup Lf Ky = LK Kyn Lf GL. It also gives rise to a closed pro-subgroup LRICM C
L®GL. Note that LRIC# = LfICu NLEGL.

Fix an identification Vi ~ K% Then L¥ GL acts on K. From this, there is a left action LX GL ~
Grg given by g- L — gL over S-points. Fixing an z¢ € Grg(k), the action LEKGL ~ Grg induces
an isomorphism L* GL /L# GL ~ Grj; sending the identity element e € L¥ GL(k) to xo. It is also
classically known that L GL is a Zariski L GL-torsor over Gr 7> since the universal lattice over Gry
is Zariski locally free.

The constructions in the s > 1 case are nothing other than taking products of the constructions in

the s = 1 case. Let V1,..., Vs be d-dimensional vector spaces. We can identify LX GL resp. LEGL
as [ L% GL(V;) resp. [T L' GL(V;). Then again, we have the notion of L% GL, which is simply the
product of several Lf" GL. Furthermore, for each 7, let u; : W; C V; be a flag, and let u = (u1, ..., is)-
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Then we define LKICM resp. LflCu resp. LEICM to be the product of several LKiICM resp. Lfi K, resp.
LﬁiICM. If we fix an identification V; g, ~ K¢ for each 4, then there is a left action L¥ GL ~ Grg
given by g - L — gL over S-points. Fixing an zg € Grﬁ(k), the action LX GL ~ Grg induces an
isomorphism L¥ GL / LEGL ~ Gr 7 sending the identity element e € L¥ GL(k) to xo.

5.2.2. Loop space interpretations on padding cells. The following lemma is straightforward, and is left
to the readers:

Lemma 5.14. Notation as above. Suppose that M C M is a pair of R-lattices. Let M; C ]\Z be its
component over R;. For each i, let r; = rkZ(M/M) be as in Lemma M Then there exists an R;-basis
{vii,via,...,viq} of M;, such that

(a) {Ui1,Ti2,..., Uiy} is a minimal set of generators of ]\Z/Mz,

(b) {viri+1,---,vid} s contained in M;.
If we identify Vi with spang{v;1,vi2,...,viq}, and let p; be the flag W; := span{vir,+1,...,viq} C V;.
Then we have left actions LXK, ~ Gré(ﬂ) and LXK, ~ Pdz(M, M) by simply acting on the basis.

Proposition 5.15. Notation as above. Let M C M be a pair of R-lattices. Pick bases and make
identifications as in Lemma[5.14, We have the following commuting diagram:

LEK, /LR, —— Pdx(M, M)

l l

LE GL /LR GL —=— Gry(M) (5.8)

i J

LXGL/LRGL —~— Grj

The isomorphisms send the identity e to M. Furthermore, Lff GL is a Zariski LE GL-torsor over
Gré(l\?), and LEK,, is a Zariski LRIC#-torsor over Pdg (M, M).

Proof. Without loss of generality, we can assume that s = 1. The isomorphism on the third row
of is classically known. For the isomorphism on the second row, it is enough to check that
LXGL/ LEGL and Gr R(]Tj ) are the same sheaf. This follows since if £ is free R-lattice over an affine
scheme S, then there exists an element g € Lff GL(S) such that gﬂg = E, and any such two elements

differ by an element in LR GL(S). Since the universal lattice over Gr E(M ) is Zariski locally free, we
get the Zariski torsor assertion.

For the isomorphism on the first row of 1’ consider the action Lf GL ~ Pdg(M ,M ) as in
Lemma Let £ be a free R-lattice over an affine scheme S , with the property that L+ Mg = M. s.
Start with an S®R-basis {w1,ws, . .., wq} of £, and write wj = 2?21 a;jv; with a;; € S®R = S[[T]).
Since wy, . .., wy generate Mg/Mg, and Mg/Mg® S[[T]]/(T) is free of rank r over S, we may assume

after passing to an affine cover of S that (ai;)i<i j<r is invertible mod T, thus invertible itself. By
column operation, we may assume (a;j)i<i<r,i<j<d = [Idr Opxq—r]. This shows the existence of g €

LfrflCM(S) such that gMg = £. Any such two elements differ by an element in LEK,(S)N LR GL(S) =

LRIC”(S ). The Zariski torsor assertion is similar to the second row. U

Corollary 5.16 (The trivial relative case). Let S be a k-algebra. Let M C M be a trivial pair of
R-lattices, i.e., it is the base change of an inclusion M C M of lattices over k along the structural
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morphism k — S. Picking bases as in Lemma[5.14], we have the following commuting diagram:

(LEKu/LRIC,)s —— Pdx(M, M)s — Pdz(M, M)

I J I

(LX GL /LR GL)s —~— Grz(M)s —=— Grz(M) (5.9)
(L GL /LR GL)g —— Grj;  =———= G

The isomorphisms send the identity section e of(LflCu/LEICM)S to [M]s and then to M. Furthermore,
(@) is functorial in S.

Proof. This follows from Proposition [5.15] and the trivial cases of Corollaries and g

Remark 5.17. At the beginning of §5.1.2} we have already used the notation e for the distinguished
i5.16

S-point of Pdg(M, M) corresponding to M. Corollary justifies the usage.

5.3. Constructible geometry. We set up the language for studying geometry up to stratifications.
Recall that for a scheme X, a Zariski stratification (or simply, stratification) is a morphism X =
[lpca Xa — X that is bijective on field valued points such that A is a finite set, and each X, — X
is a locally closed subscheme. A stratification is a categorical monomorphism in Sch, a composition
of stratifications is a stratification, and moreover, the pullback of a stratification X 5 X along a
map Y — X is a stratification of Y. These facts show that the set of stratifications satisfy the
conditions RMS1~RMS3 of [60, 04VC]. Therefore, we can localize at the set of stratifications, and
obtain a category where stratifications are isomorphisms, cf. [60, 04VH]. The resulting category is
called the category of constructible schemes, denoted CSch. If Z is a scheme, the slice category
CSchy := (CSch | Z) is called the category of constructible Z-schemes.

A morphism in Homggen (X, Y) will be called a constructible morphism and written as f : X 5

Y. It is represented by a roof X <« X i) Y, where X — X is a stratification and f is a morphism
of schemes. When the context is clear, we will just write the roof as f X 5 Y. If we represent
f:XSYvresp g: VS Zasf:X' —Y resp. g:?—>Z, then the composition of g o f can be
represented as g o py : X xyY = Z , where py is the projection X xyY = Y/, which is the base
change of f along Y > Y. Two representations X -5 Y and X' = Y are called equivalent, if they
represent the same constructible morphism. More concretely, they are equivalent if they become the
same after passing to a common refinement.

Remark 5.18 (Field valued points). Let F' be a field. There is a functor Sch — Set by taking
F-points. Since stratifications induces bijections on F-points, we can localize and obtain a functor
CSch — Set. This is called “taking field valued points of constructible schemes”. As a variant, we
have a functor CSch — Set sending a constructible scheme to its underlying set.

Remark 5.19 (Constructible subschemes). A constructible morphism f : X % Y in CSch is called
a constructible subscheme resp. constructible immersion, if we can represent it as a morphism
[ i Uaea Xa — Y, such that each f|x, : Xo — Y is a locally closed subscheme resp. immersion.

&
When f is a constructible subscheme, we will also write X C Y.
C C
If X, 5 Y,i = 1,2 are constructible subschemes such that X; C X5 and Xo C X, we say that
X1 is constructibly identical to X5 (as constructible subschemes of Y'). In this case, we will write
X1 = X,. For example, any stratification X — X is constructibly identical to X. Note that a
constructible identity is necessarily a constructible isomorphism and is an equivalence relation. If F

is a field, we will naturally identify the F-points of an X é Y as a subset of the F-points of Y. Then
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constructibly identical constructible subschemes of Y have the same F-points. Furthermore, their
underlying sets are identical (as subsets of the underlying set |Y| of V).

Conversely, it is easy to see that a constructible subscheme of Y is determined by its underlying set
up to constructible identity. Moreover, a subset of |Y| which is a finite disjoint union of locally closed
subspaces of |Y| (i.e., a constructible subset, at least when Y is Noetherian) can be upgraded to a
constructible subscheme. Say, if S is a locally closed topological subspace which is the intersection
of a closed set F' and an open set O, then we give O the unique open subscheme structure of Y and
give S the unique structure as a reduced closed subscheme of O. Therefore, we have the following
equivalence:

Lemma 5.20.
{Constructible subschemes of Y} - {Subsets of |Y'| which are finite dz'sjomt}

up to constructible identity unions of locally closed subspaces (5.10)

X — |X].

In particular, two constructible subschemes of Y are constructibly identical if they have the same
underlying set (or if they have the same field valued points).

Remark 5.21 (Fiber products and fibrations). Let f : X S Wandg:Y < W bein CSchy. We can
represent f, g by f : X —» W and g: Y — W. Then X xy Y satisfies the desired universal property
of fiber product. A constructible morphism f : X < W in CSchy is said to be a constructible
fibration, if there is a stratification W = UBEB Wg — W, such that for each 8 € B, X xw Wjg <
Y3 xz W3 for some Yz € CSchy. If Yj 2 Y for all B € B, then X LY x; W. For example, if in
Schy, X is a Zariski GL,-torsor over a quasi-compact base scheme W, then in CSch;, we simply have
X 2 W xj GL,.

Remark 5.22 (Graphs). Let f : X 5 Y be in CSchy. The relative graph I'z(f) is the constructible
morphism idy xz f : X = X xz Y. Note that projection induces a constructible isomorphism

Tz(f) < X. It is a constructible subscheme. When the context is clear, we will often omit the
subscript Z from I'z(f).

Remark 5.23 (Classes in Grothendieck ring). If X ~ Y in CSchy, then X, Y have the same class
in Ko(schz).

5.3.1. Constructible ind-geometry. We can generalize constructible geometry to the setting of ind-
schemes. The following definitions may not be the most general one, but they serve our purpose
well:

Definition 5.24. Let X,Y and Z be ind-schemes,

(a) Write X = (J; X; as a direct union of schemes, such that each X; — X;;1 is a closed immersion.
We say that X = Llpca Xa = X is a stratification (A may be an infinite set), if (1) it is a
decomposition of the underlying topological spaces, (2) each X, is a locally closed subscheme
of X and (3) for each i, X; = L], Xa NX; — X; is a stratification of scheme (so there are only
finitely many o € A such that | X, N X;| # ). We say that X is an affine stratification, if each
X, is affine.

(b) Once we have the notion of stratification, we can again do localization and let CIndSch
and CIndSchy be the category of constructible ind-schemes and constructible ind-Z-schemes.
By taking the direct union, one can easily generalize the notions in Remark to
the setting of constructible ind-schemes. More precisely, we have the notion of constructible
ind-subschemes and their fiber products and graphs.

We will need the following generalization of Lemma [5.20
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Lemma 5.25. Two constructible ind-subschemes of a constructible ind-subscheme Y are constructibly
identical if they have the same underlying set (or the same field valued points).

Proof. Pass Lemma to the direct limit. ]
5.3.2. Constructible lattices.

Definition 5.26. A constructible R-lattice over an ind-scheme X is a coherent O X@R—module F over
an affine stratification X = | | acA Xa — X, which is a lattice over each X,.

Lemma 5.27. Let X be a quasi-compact k-scheme. Then any coherent Ox®R-submodule F C
Ox@K? such that F ® (Ox®K) = Ox®K? is a constructible lattice. In particular, it induces a

constructible morphism f : X = Grg such that f*U = F. This lemma extends to the situation where
X is an ind-scheme with X; quasi-compact over k.

Proof. Using quasi-compactness, we can reduce to the case where X is affine. Since F is coherent,
there is an 7 such that T10X®R CFCT™ Z(’)X®R The quotient (T ’OX®R)/]-' is a coherent Ox-
module. Put a flattening stratification on X, i.e., X = | |, X such that (T’ “{Ox®R)/F is flat over
each X,. The stratification is finite since the rank of (I'Ox®R)/F at closed points are bounded
above by the rank of (T 'Ox®R)/(T"Ox&R). Then F is a rank d lattice over each X4, and we get
a morphism f, : X, — Grpg such that the pullback of fiUf is Fx,. O

5.4. Lattice closure and summation as constructible fibrations.

5.4.1. Lattzce closure. Let 7 : SpecR — Spec R. C0n81der the universal lattice U over GrR Passing
Lemma [5.27] to the inductive limit, the coherent sheaf RU = (1®&7)*U is a constructible R-lattices
over GrR, and it induces a constructible morphism

x*: Grg = Grg. (5.11)

Over k-points, this coincides with the map sending an R-lattice L to ﬁL, as in
C
The graph I'(7*) € Grg x Gry can be thought of as the extension fiber of the universal lattice over

Grg. In particular, for any R-lattice L over a field, the extension fiber ER(E) from admits a
constructible scheme structure given by I'(z*) X « (or (%)~ (x)), where # — Grp is the point
corresponding to L. Let E%(L) be the intersection of Ex(L) with Griy(L).

If X is a k-scheme, we also have a trivial constructible X-morphism 7% := 7* x idx : Grg x N

C
Gry . We write ['(7%) € Grr x Grg x X for its relative graph.

Theorem 5.28 (Lattice closure as a constructible fibration). Fiz an rank d R- lattzce M. Then *
Crp > Gry is a constructible fibration with constant fiber Er(M ) As a result, Grg ~ Grg XER(M)
Since M ~ ]de, we also have Grg < Grg XER(éd).

Proof. The strategy is to use loop group action to permute the extension fibers. Since Grg < (™),
we will show that the projection map po : T'(7*) = Gry is a constructible fibration with constant fiber

ER(M) Let w9 € Grg(k) be the point corresponding to M. Identify LK GL /LR GL =~ Grg, which

sends the identity e € L® GL(k) to xg. Because L GL is a Zariski LE GL-torsor over Grg, Grg is
covered by open affine subschemes W which admit sections o : W — (L¥ GL)y := LK GL xar . W.

Let m};, be the restriction of 7* to (7*)1W. In the following, we will show that I'(r};,) ~ < Ep(M ) xW.
Since I'(zyy,) <~ T(x*) XGry, W, this will immediately imply that ps is a constructible fibration.
Recall that L GL acts on Grgy. Consider the following isomorphism of ind-schemes:

o :Grg xW — Grr xW, (L,w) — (c(w)L,w). (5.12)



TORSION-FREE BUNDLES OVER SINGULAR CURVES 21

Let U C Grr xW be the image under o of the constructible subscheme ER(M ) x W, then U is
again a constructible subscheme of Grg xW. Let I’ be a field, then the F-points of U are pairs
(L, L) such that L is an F-point of W and L is an R-lattice over F with closure L. Therefore
U=T (myy) as constructible subschemes of Grr xW, since they have the same closed points. As a
result, Er(M) x W =~ T'(zh,). O
Corollary 5.29. let X be a quasi-compact k-schemes and M be a rank d X -family of R-lattice. Then
Grp(M) ~ X x Grﬁ(ﬁd) x Er(R%). The isomorphism also admits a graded version: Grly(M) ~

X x |_|'L+j n (éd) X E%{(ﬁd)

Proof By Corollary (.12 it suﬂices to treat the case where X = Spec k. In the following, we will write
M instead of M. Note that Grr(M ) < ()" Gry »(M ) This can be checked over field valued points.
Then we can base changing the fibration in Theorem along the closed embedding Grz(M ) C
Grg to get a contructible fibration structure of E*|Gr3(1\7) : Grr(M) 5 Grz(M), which says that

Grr(M ) < Grs »(M ) X ER(M) The graded version is easy, and is left to the readers. O

5.4.2. Lattice summation. Suppose that X is a quasi-compact k-scheme. If M’ is an R-lattice over
X, then the sheaf piU + p5M’ over Grg x is a constructible lattice, where as usual, p; resp. po
denotes the projection of Grr x to Grr resp. X. Therefore, it induces by Lemma (and taking
inductive limit) a constructible map of X-ind-schemes Sum : Grg x — Grg([M’,0)). The map
sends a lattice £ to its summation with M/, which is, up to stratification, another lattice. We write

I'(Sumpy) ¢ Grp,x Xx Grg([M’,0)) C Grg x Grg xX for the relative graph of Sum .

Lemma 5.30. Consider the pair of lattices psM’ C piU over Grg([M’,00)). Then T'(Sumpy) =
Pdr(psM', pild) as constructible ind-subschemes of Grg x X x Grr([M’,o0)). In particular, the pro-

jection to the first coordinate induces a constructible isomorphism Pdr(psM’', piUd) < Grp,x-

Proof. By Lemma it suffices to check that the underlying sets of I'(Sum ) and Pdg(psM', pitd)
coincide. Let F' denote a field extension of k. It suffices to check that they have the same F-points.
By base change to a closed point of X, it suffices to assume X = Spec F.. Then M’ and M are simply
R-lattices over F. The F-points of I'(Sum ) are pairs {(L, L+ M')|L € Grg(F)}, while the F-points
of Pdr(psM’, piU) are {(L,L")|L € Grgr(F),L" € Grg(|[M’,00))(F), L+ M’ = L'}. Clearly, they are
the same set. 0

Theorem 5.31 (Lattice summation as a constructible fibration). Let X be a quasi-compact k-scheme
and M be an X -family of R-lattices. Then Sumpg : Grg 5 Grp([M, 00)) is a constructible fibration.

Proof. By Lemma |5.30f we have GrRX < I'(Sumpy) = Pdﬁ(pEM,p’{L?). So it suffices to show that
the projection o : Pdﬁ(pQ./\A//l,p’{Z/l) 5 Gry([M, 00)) is a constructible fibration. By Corollary |5.13
there is a stratification Grg([M, 00)) = I—'BEB Y3, such that for each 3, the restriction of p;M C p’fU

to Yp is trivial. Say, we have an inclusion Ng C N, 5 of lattices over k with the property that (Ng C

N, 8y, = (p3M C p“{LN{)yB. Then we have a constructible fibration

Grp x — Usep Pdg0s My, pilty,) —— Lsep Pdg(Np, Ns) x Y3

sum% l i (5.13)

GI‘E([/M,OO)) % I_IBGB YB I—IBGB YB
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Remark 5.32. Recall that Gr~([./\/l o0)) is a closed ind-subscheme of Gr . Let ¢ be this embedding,
then Sumpgy o = id. In , after passing to stratification, L|YB corresponds to the embedding of
Y3 to Pdg(Ng, Ng) x Yg via the distinguished k-point Pdz(Ng, Ng) corresponding to N/B

Remark 5.33 (Loop space interpretation). Corollary - tells that for each 3, after choosing a
certain basis of N, 5 and picking a certain flag ;13 as in Lemma [5.14] there are isomorphisms

(LK, /LK) X Vg ~ Pds(Ng, Ng) x Vs = Pdz(psMy,, pilly,) (5.14)
sending the identity section e to []Vg] X Yp then to ]f{ﬁyﬁ.

5.5. Restricted lattice closure as a relative constructible fibration. Suppose that X is a quasi-
compact k-scheme and M is an X-family of R-lattices. Up to stratification of X, we can assume that
the closure RM is already an R-lattice (Lemma. Let M := RM and let M C M be a sublattice
that is contained in M EL We have a constructible morphism

58 = m|arpm : Grr(M) 5 Grg(M). (5.15)

We call this constructible morphism a restricted lattice closure. The graph resp. image of this
morphism is a constructible ind-scheme that serves as a geometrization of the notion of restricted
extension fiber resp. boundary as defined in

We already see from Theorem that when M is already a é—lattice, then 7% is a constructible
fibration of constant fibers Er(R). Unfortunately, this is not the case in general. The problem here

is that (7% )~ Gr E(MV) is usually not constructibly identical to Grr(M), so one can not just restrict
the fibration obtained from Theorem [5.28] as in the proof of Corollary Our goal is to show that
(5.15) is still a constructible fibration, but relative to a certain base. In order to achieve this, we will
be using the following restricted summation map:

B ._ .
Sumyy, = SumM|Gr§(M) : Grs (/\/l) 5 Gry (M, M) (5.16)
Roughly speaking, our goal is to show that

Grp(M) = Grg(M) x Fibers). (5.17)

Sum%,, Grﬁ(M,M) (

5.5.1. Restricted summation map. In this particular paragraph we suppose that M C M is any pair
of X-families of R-lattices. We have

Gr(M) = Gry(M, M) Xar((M.00)), Sumy Or x = Sumyy Gr(M, M). (5.18)
This can be easily checked over field valued points. Base change the fibrations (5.13]) along the embed-
ding Grz(M, M) C Grz(M) gives rise to fibration structures of Sum%, : Grz(M) = Gry(M, M).
We will abuse the notation, and still write Gré(/,\él,ﬂ) <] sep Yp for the corresponding stratifica-

tion. Since GrE(M,M) is already a scheme, the index set B here is a finite set. Remark [5.33 also
yields a loop space interpretation in this case: we can write

. Sumi,l . c § o
<GI‘E(M) _— GI‘E(M,M)) ~ |_| (Pdﬁ(pzMYB,pluYﬂ) — Yg) (5.19)
BeB
~ |_| (Pdé(]yﬁ,ﬁﬁ) X Y/g — Yﬁ) (5.20)
BeB
~ | ((Lff Kyuy /LRK,,) % Y5 — Yg) . (5.21)
BeB

3Which always exists, see Remark The reason for this somewhat technical assumption is to mimic Proposition
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5.5.2. Restricted lattice closure as a relative fibration over restricted summation. Recall that we as-

sumed that M = RM and let M C M be a sublattice that is contained in M. We will also use the
notation from § Let us fix one 3. The following notation w be used:

* Pg:= Lf’CuB/L}j’Cuﬁ =~ Pdg(Ng, Np), Pp = Pp x Yp = Pdg(p3My,, pildy,)

o P = PAL (N3, N5), 25 = P} x Yy = PA%(ps My, pildy,).

o Ep(Ys; M) := (m3B)"1Ys, Er(Pg; M) := (x58) 1P, they admit grading E} from intersect-
ing with Gr'y(M),

e clg = E}Bl Er(25:Mm)- It is a constructible morphism relative to the base Y3. We will write
I'(clg) é ERr(Pg; M) xy, Ppg for its relative graph.

Note that we have Er(P; M) Xy, Pg ~ Ep(#s; M) x Pz. The right hand side is an absolute
product. Technically, it is easier and cleaner to work with the absolute version. So in the following,
instead of working with Er(%5; M) xy, &5, we work with Er(#g; M) x Pg. In particular, we

have I'(clg) é Er(Zs; M) x Pg. This means that we can also view clg as an absolute constructible
morphism Er(Pg; M) — Pg.

Remark 5.34. To reduce the level of abstractness, and for later use, we briefly describe the field
valued points of several objects considered above. Let F' be a field extension of k. By restricting to

an F-point of X, we can assume that X = Spec F'. Then M, M and M are simply lattices over F.
We have B B B
Er(P5; M)(F) = {(L, I) € (Gra(M) x Y3)(F)|RL + M = L}. (5.22)

The chain of maps Er(¥5; M) — P53 — Yp, over F-points, can be described as (L, E) — RL — L.
Therefore, the points of I'(clg) é Er(Pg; M) Xy, Pg, can be described as

[(cls)(F) = {(L, L, RL)|(L, L) € Er(P5; M)(F)}. (5.23)
On the other hand, if we view clg as a constructible morphism Eg(%g; ./\/l) — Ppg, then it sends (L, L)
to a point a € Pg(F), one (hence all) of whose lifts to LXK, (F) takes L to RL. In this situation,
we will write oL = RL. Consequently, the points of I'(clg) é Er(ZP3; M) x Pg can be described as

T(clg)(F) = {(L, L,a)|(L, L) € Er(Ps; M)(F),a € Ps(F),aL = RL} (5.24)

= {(L,L,a)|(L,a) € (Y3 x Pg)(F), L € Eg(aL; M)(F)}. (5.25)

In , ER(aE; M) is the restricted extension fiber of aL.

Theorem 5.35 (Restricted lattice closure as a relative fibration over restricted summation). Notation
as above, we have

Er(Pg; M) = Eg(Yg; M) xy, Pg = Ep(Ys; M) x Pg, (5.26)
ER(PsM) = | | ER(Ys M) xy, 2]~ | | Ep(Ys; M) x P (5.27)
i+j=n it+j=n

As a result, we have a relative constructible fibration
Grr(M) —= | lgep Er(Ys; M) xv, @5 — | lgep Er(Ya; M) x Pg

}Bl J l (5.28)

Grfé(ﬂ) ——— Upen ¥ Uges &5

We recover Corollary ‘5.23 as a special case where M = M, #B =1, &3 = Gré(//\/lv) and the
structural map Yg — X is an isomorphism.
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Proof. Tt suffices to prove (5.26)). The other assertions follow easily. The strategy is similar to that

[

of Theorem [5.28: we use the loop group to permute the fibers. Since Er(Z3; M) ~ I'(clg) é
ERr(Z3; M) x Pg, it suffices to show that the projection map ps : I'(clg) 5 Ps is a constructible
fibration with I'(clg) < Er(Ys; M) x Pz. Because LflCuﬁ is a Zariski LEICM—torsor over Pg, Pg is
covered by open affine subschemes W which admit sections o : W — (LK, W = LEK, s Xpy W. Let

clg w be the constructible morphism Clﬁ’clgl(w). It suffices to show that I'(clg ) < Er(Yg; M) x W.
We introduce an auxiliary ind-scheme Grgr(pilly;) € Grg,y,. It has the following properties: (1)
since p’f(jlyﬁ ~ N@yﬁ, we have GrR(p’l‘Ij{yﬁ) ~ GrR(ﬁﬁ) X Yg, (2) Er(Ps; M) é Grr(pilly,), and (3)
Lf Kug ~ GrR(pTLleB) by acting on the corresponding basis of N, g or p“{l]yﬁ, see Remark Similar

to , we have an isomorphism:
& : Grr(pilly,) x W — Grr(pilly,) x W, (L,w) — (o(w)L,w). (5.29)

Let U é Grp (p’{ﬁyﬁ) X W be the image under & of the constructible subscheme Eg(Y3; M) x W. Then

U is a constructible subscheme of Er(Z3; M) x W. Now we show that U = I'(clg ) by checking the
field valued points. Let F' be a field extension of k. By restricting to an F-point of X, we can assume
that X = Spec F. The F-points of U can be described as

U(F) = {(o(w)N, L,w)|(L,w) € (Yz x W)(F),N € Eg(L; M)(F)}. (5.30)
On the other hand, tells that
F(elpw ) (F) = {(L, Low)|(L,w) € (Vg x W)(F), L € Enlo(w)L; M)(F)}. (5.31)
Fix any pair (Z, w) as in and . The padding lemma (Lemma implies that
Er(o(w)L; M)(F) = o(w) Er(L: M)(). (5.32)
This immediately shows that U(F) = I'(clgw)(F). As a result T'(clgw)(F) = U < Er(Yg; M) x W,
and we are done. 0

Remark 5.36. Even if one only cares about the absolute case (i.e., X = Speck), the fibration in
Theorem [5.39] is still relative. For this reason, the relevant setting is inevitable.

5.6. Rationality of the relative Quot zeta function. We are ready to establish the rationality
theorem. We will first prove a relative version and deduce the absolute version as a corollary. In the
following, let X be a quasi-compact k-scheme and let M resp. M be a rank d X-family of R-lattices
resp. R-lattices. We will be considering the relative Grothendieck ring of motives Ko(Schy). Its
elements are morphisms of the form [Y — X]|. We abbreviate the projection [X x Z — X] as [Z].
Following the above notation, we also write 1 resp. L for the motive [Speck] resp. [Al] € Ko(Schy).
Recall the notion of the relative Quot scheme from Proposition [5.7] Define the relative Quote zeta
function of M as

ZRx () = [Quotly ., — X|t" € 1+t - Ko(Schx)[[t]]. (5.33)

n>0

By Proposition we can replace Quot/]a /Xom in the above formula by Gr’s(M).

Example 5.37. It follows from Corollary [5.12{that Z % /X(t) = (t;IL),°. It follows from Corollary|5.29
and Remark |5.23| that Z/%/X(t) = (;L),° ZnZO[Eﬁ(Rd)]t”. The sum is indeed a polynomial since
[EL(RY)] = 0 for n > 0.

Theorem 5.38. Z@/X(t) is a rational function in t, i.e., it lies in Ko(Schx)(t). Moreover, the

quotient Zﬁ/x(t)/Z%/X(t) is a polynomial in Ko(Schx)[t].
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Proof. We use the notation from Note that M /M is of constant rank over X. We call the rank

m. On the other hand, we can assume that Yp is connected, then, as already noted in §5.1.1], the sheaf
(P5M/pill)y, is of constant rank. We call the rank mg. It follows from Theorem that

Zkyx () =) [GrE(M) — Xt (5.34)

n>0

=Y Y BN Pe M) — X" (5.35)
peEB n>0

=Yty N [ER(Ys M) = X][PA) (5.36)
peB n>01i+j=n

= "N [ER(Yas M) = XY [P (5.37)
BeB >0 >0

It is easy to see that E%(Ys; M) is empty for i > 0, so Eg(t) = ZiZO[E}%(YB;M) — X]t' is a
polynomial in Ko(Schx)[t]. On the other hand, by Remark there exist 75, such that

s

S P = (L) [ L), (5.38)

§>0 i=1

Combining with the computation of Z % /X(t) in Example |5.37] we see that

S

ZRyx /25 @) = >t Byt [T (# L)y (5.39)
BeB i=1
Note that the right-hand side of (5.39)) is =™ times a polynomial. This already implies that Z /}El / (1)

is rational. Furthermore, the left-hand side of ( - is (tL)32 ,50lGrR(M) — X]t", which only
involves nonnegative power terms. This forces the right-hand side of (5.39 - ) to be a polynomial. O

Corollary 5.39. For a torsion free bundle E of rank d over R, the Quot zeta function Zg(t) 18

rational in t. Furthermore, Z&(t )/ZR@d( ) is a polynomial in t.

Proof. Let X = Speck, M = E, and apply Theorem [5.38 O

Remark 5.40. The polynomiality is explicit. In (5.39)), taking X = Speck, M = E and combining
the strata 8 with the same (mg, (rg,):), we get the following motivic upgrade of Proposition

ZR(t) " ~| LDg Mrk(L/M)_n, .
de;d( ) - nmlz’.;ﬂqst [{(LvL) L CR M RL [M L] — n}] H(t’]l")n' € KO(Vark)[ﬂv (5'40)

i=1
where the moduli space in the summand can be understood as a constructible subset in a certain flag
Quot scheme.

6. MoTivic COHEN-LENSTRA ZETA FUNCTION

In this section, we state and prove the key geometric theorem that connects high-rank Quot zeta
functions and the motivic Cohen—Lenstra zeta function. Assume (xx), i.e., let k be an arbitrary field
and (R, m) be a complete local ring of the form k[[z1,...,2]]/I with residue field k. Let Coh] (R)
be the stack of R-modules of rank r (i.e., requiring r generators) and dimension n (over k). Denote
Quoty ,(R) := Quotga ,, and let Quoty , (R) parametrize n-dimensional quotients of R? of rank r. See
for precise definitions.
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Theorem 6.1 ([37, Thm. B.1]). Notation as above. For any n,d,r such that 0 < r < min{d,n}, the
following identity holds in Ko(Stcky):

[Quoty,, (R)][GLqa—r] —an LTHLTY 0, ,
Ld(n_Z)Jr(d_T)Q[GLd] =L™¢ W[Quotd,n(l?)]- (6.1)

Note that the left-hand side does not depend on d. We will apply this theorem for both d = r and
d > r. Before proving Theorem we prove Theorem [1.17] as a consequence.

[Col (R)] =

Remark 6.2. The point-count version of Theorem essentially follows from Nakayama’s lemma.
To sketch a proof, recall that when k = F,, the point count of Cohj,(R) is defined as a groupoid
count ZMeCoh;;(R)|Aut(M)|_17 where Coh] (R) now denotes the (finite) set of rank r, dimension n
modules over R up to isomorphism. For each M € Coh] (R) and an integer d > r, consider the set
Surjp(RY, M) of R-surjections R? — M equipped with the natural Aut(M) action, which is free.
Let Quotpga p; denote the orbit space Surj r(RY, M)/ Aut(M), then it naturally corresponds to the
set consisting of quotients of R? that are isomorphic to M. The point-count version of then
follows from Quotg,,(R) = [|yreconr (r) Quotga as, the evaluation of |Surjr (R, M)| using Nakayama’s
lemma (which depends only on n, d,r but not on M), and summing up |Surjz(R?, M)|/|Aut(M)| over
M € Coh] (R). See a previous work of the authors for more details [37, Prop. 2.3].

6.1. Proof of Theorem assuming Theorem We first establish some conversion rules be-
tween Zpa(t), Zypi(t), and Zg(t) that follow formally from Theorem It is clear from the definition

that Coh,(R) = | J'_, Cohy,(R), Quot,,(R) = U?:i%{d’n} Quoty ,,(R), and moreover, Quot, ., (R) =~
Quoty,gr ,,- Indeed, L Cr R" satisfies tk(R"/L) = r if and only if L C mR" by Nakayama’s lemma.

Lemma 6.3. We have the following formal identities:
d

Ziat) =" m t"ZE (LT"t) € Ko(Steky)[], (6.2)
r=0 L
d Lé-r 1
(Ze(t) = L0 ) ey e, 2 (L) € Kok, (63)
r=0 ) -r ’ r
~ o d
Znlt) = Z ¥ (L_tLL_l) ZR (L) € Ko(Steky)[[t]] (6.4)
>~ d Ld—r 1
D=3 @ Lo, A ) € Ko(Stek)[[) (6.5)
d=0 r= 0 - ’ T

where the inner sum in (6.5)) is divisible by t?.

Proof. Since [Quoty. ,,,,.(R)] = [Quoty g ,,], applying with d = r computes [Coh;,_,.(R)| in terms
of [Quoty,pr ). This leads to (6.4). Applying again with d > r computes [Quoty ,(R)] in terms
of [Cohy,(R)], and hence in terms of Quotypr, . Summing r = 0 to d gives (6.2). Finally, (6.3)
follows from and ¢-Pascal inversion [61], and follows from and (6.3). See also [37,
Cor. 2.7]. O

We are ready to prove Theorem Recall that it has two parts: the d — oo convergence of
Zpa(L7%%), and that its limit is Zz(¢). To prove the first part, we will make use of (6.3). To prove
the second part, we apply , but with an important caution that we cannot switch the order of the
summations: letting | = d — r, the inner sum after the switch, which is > 7°, L!/(L; L);, converges to
zero in Z[[L™1]] by Euler’s identity, whlle Z Zr(t) is nonzero since the constant term is 1. Towards this
issue, we will rewrite the inner sum of (6.5]) first.
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Proof of Theorem[1.19 assuming Theorem[6.1. For d > 0, define the following in Ko (Stcky)[[t]] by
letting cy(t) := Zpa(L™%)/(L7Y LYy, ag(t) = cq(t) — cq_1(t) with c_1(¢) := 0, and by(t) be the
summand of (6.4). By (6.3) with ¢ — L~%, we have

d

d—r
> o elt) = balt) € Kot 1] (69

From the elementary identity
1 1 L=

_ _ 0<r<d—1, 6.7
LDy @l - Gha, (6.7)
it follows that
4 pder d 1
=2 Lo O~ 2 T 0 (68)

Recall that the topology on Ko(Varg)[[L~!]][[#]] is t-coefficientwise. We now show that each coeffi-
cient of ag(t) converges in Ko(Varg)[[L™1]]. Fix N > 0, and let aq v denote the tV-coefficient of a4(t).
Since bg(t) € t¥Ko(Stck)[[t], Equation implies the following recurrence relation for d > N + 1:

d—1

1
agN = — ——~ar N- 6.9
S ¥ v (69)
By setting aq ny = 0 for d < 0, we may rewrite into an oo X oo matrix form
vg= Mvg_1, d>N+1, (6.10)
where
1 1 1 o
(LsIL)1 (]LJlL)z (L;iL)S ad N
0 . 4
L) (LD d-1,N
M=-| o U= ago (6.11)

(Note that every entry in the matrix multiplication is just a finite sum.) It follows that vg = M9 Nuy
for all d > N. Observing that every entry of M has dimension at most —1 in Ko(Varg)[[L™1]] in the
sense of the dimension filtration, it follows that every entry of M9~ has dimension at most —(d — N).
Therefore, every entry of vg converges to 0. In particular, limg_, agn = 0, so that limg_, aq(t) = 0.

By definition, the topology on Ko(Varg)[[L™']][[t] is nonarchimedean in the sense that for any
sequence x4(t), the sum ), x4(t) converges if and only if limg_,oc 24(t) = 0, and in this case any
reordering of the sum converges to the same limit. Therefore in our case, the sum c(t) := Y7 aq(t)
converges. By the definitions of c4(t) and a4(t), we have

gg;ZRAL—%):(L—%dexmig&cdu):(L—%L—Uxﬁu)e}qmvm%nm;ﬂ,m, (6.12)

proving the first assertion of Theorem [1.12
Finally, and the definition of by(t) imply

}:2: (). (6.13)

dOrO’

By limg_,c ag(t) = 0 and the nonarchimedean property, we may switch the summations:

o0 o0

Znt) =Y a.(t) lz; (]L;llh)l ()LL) (6.14)

r=0
Comparing with (6.12)), the last assertion of Theorem then follows. O
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Remark 6.4. The same argument proves the following analytic analogue of Theorem [I.12} when
k =T, is a fixed finite field with ¢ > 2, and assume (+*) for R, then every t-coefficient of |Zpa(L~%)|,
converges as d — 0o, and we have

Zr(®)ly = Jim |Zga(L7)), € CI[1] (6.15)

coefficientwise. Indeed, we only need to note that the matrix M in (6.11]) with L replaced by ¢ satisfies
that every entry of the matrix power M" has absolute value bounded above by C(qg—1.01)"" for some
absolute constant C.

6.2. Commuting varieties. We now devote the rest of the section to proving Theorem in the
Grothendieck ring of algebraic k-stacks (for an introduction, see [20]). We first review the functor-of-
points definitions of the stack Coh,,(R) and the Quot scheme Quot, ,,(R) := Quot ga ,,, and clarify their
relations with the commuting variety C,,(R) also defined below. Fix a vector space V,, of dimension n
over k. Consider the (sheafifications of the) following functors, where X is an arbitrary k-scheme:

Coho (R)(X groupoid of coherent sheaves F over Xp, )
ohn (R)(X) = {Such that F is flat of rank n over X } ’ (6.16)
Quoty,, (R)(X) = {O%R — F, such that F € Cohn(R)(X)} , (6.17)
equivalent classes of pairs (F,¢), where F € Coh,(R)(X),
Cn(R)(X) = ) ) ) (6.18)
and ¢ : Ox ® V,, ~ F is an isomorphism of O x-modules

It is well known that C,(R) is represented by a scheme parametrizing certain commuting ma-
trices, and Coh,(R) is the quotient stack [C,(R)/GL,]; see e.g. [0, B6]. In fact, if we write R =
El[Ty, ..., Twl]/(f1,-.., fr), then C,(R) is the subscheme of Nilp, (k)" cut out by the condition
A = (A1,...,Ap) € Nilp, (k)™ : [A;, Aj] = 0, fi(A) = 0. Here Nilp,, (k) is the variety of n x n
nilpotent matrices over k.

Let Fyuy be the universal quotient sheaf over Quot,,,(R)r. It can be viewed as a sheaf of R-module
over Quot, ,(R). Using a flattening stratification on Quot, ,(R) corresponding to the finite R-module

Fuv/mFuy, we get Quot, ,(R) =20 Quoty ,(R) and each Quoty ,(R) admits a functor of points
Quot}; ,(R)(X) = {O;l(R — F, such that F € Coh,(R)(X) and F/mF € coh,(R)(X)} . (6.19)

The condition that F/mF € Coh,(R)(X) can be understood as F has constant R-rank r. Note that
Quoty , (R) is empty once 7 > min{d, n}.
Similarly, we can put a flattening stratification Cp,(R) = | | C},(R) such that

equivalent classes of pairs (F,¢) where F € Coh,(R)(X),F/mF € Coh,(R)(X)
and ¢ : Ox ® V,, ~ F is an isomorphism of O x-modules '

cxme - {
(6.20)
Again, CT(R) is empty once 7 > n. We then set Coh’ (R) = [C7(R)/GL,], and this induces a

stratification Coh,,(R) = | |Coh’.(R).

Remark 6.5. When n is fixed, there is a large Artin local quotient R’ of R such that for all d and r,
we have that Coh,(R), Cohy,(R), Quoty, (R), Quoty, (R), Cy(R) and C}(R) are equal to Coh,,(R’),
Cohy, (R'), Quot, ,(R'), Quoty ,(R'), Cy(R') and Cj(R'), respectively.

6.3. Proof of Theorem In the following, we will always assume that S is a k-scheme. We will
fix n and r. By Remark we may and do replace R by a large Artin quotient. In what follows, we
will write dimy R =b+ 1 and F = R = @}, Ru,.
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6.3.1. Proof outline of Theorem. In §6.3.4} we will first observe a group action GL[F] ~ Quoty ,(R)
and introduce an important group scheme ¢ over Quotg’n(R). In : we will construct a Zariski

GLy-torsor 9 over Quoty , (R) that sits in the following diagram

Q
/ x (6.21)
(R) Ch(R)

We will show that w admits Zariski local sections, i.e., we have a Zariski cover U — C (R), and
o:U — Qu = Q Xcr(r) U such that wyo = Idy. We then show that GL[F]y is an fppf ¢p-torsor
over Qp7, where %y = 0*1*¥ is a group scheme over U. We then show in Lemma that U admits
a Zariski stratification over which % is special (in the sense that any fppf torsor is Zariski locally
trivial). We then use explicit descriptions of GL[F] and ¢ from Lemmal6.6|and Lemma[6.7] to establish

the formula (6.1)).

6.3.2. Vector bundles over Quoty, (R). The terminology “vector bundle” is used for either a flat
(locally free) sheaf of constant rank, or its total space (which is a scheme). Consider the universal
sequence of R-modules over Quotg , (R):

0> AN —=>F—2—0, (6.22)

Quoty,

where I is the trivial bundle F ®y OQuoth( R)» @ is the universal quotient, and .4 is the kernel.
Forgetting the R-module structure, then 4", F and 2 are vector bundles over Quotg’n(R) of rank
d(b+1) —n, d(b+ 1) and n, respectively. Modulo m, we get another sequence

0N >F =20, (6.23)

where F' = F/mF, F is the constant bundle with fibers in F, 2 = 2/m2, and A = A/(A NmE).
Again, 4, F and 2 are vector bundles over Quotg , (R) of rank d —r, d and r, respectively. Since .4
and 4 are vector bundles, it also follows that .# N mF is a vector bundle. Its rank is db — n + r.

6.3.3. Group action on Quoty ,(R). For a finite R-module M, let GL[M] be the group Autr(M),
but viewed as a linear algebraic group over k. Then the group GL[F] acts on both Quoty, (R) and
the bundle 2 in a compatible way. In fact, let = be an S-point of Quotg’n(R) corresponding to
F®S — (F®S)/N, and let g be an S-point of GL[F]. Then gz is the point corresponding to
F®S — (F®S)/g-N. Furthermore, the g action on 2 takes the fiber 2, to 2., and can be
described as (F @ S)/N 2 (F ® S)/gN.

There is also a projection GL[F] — GL[F] sending ¢ to (g mod m). Let U(mF) be its kernel. The
structure of GL[F] is easy to understand:

Lemma 6.6. Notation as above, the exact sequence

1 — UlmF] — GL[F] — GL[F] — 1, (6.24)

admits a canonical splitting. Furthermore, GL[F] ~ GLy and U[mF) is a k-split unipotent group of
dimension bd? (a unipotent group is k-split if it is a successive extension of G, over k).

Proof. 1t is clear that GL[F] ~ GL4. The morphism 7 : GL[F] — GL[F] has a section GL[F] < GL[F]
induced by the structural morphism k < R. Note that U[mF](S) consists of g of form

g(u;)) Eu+mF® S, 1 <i<d. (6.25)

Therefore, U[mF| is abstractly isomorphic to the affine space AM Tt s unipotent since for any
g € UmF](S), (g—1d)? = 0. The fact that U[mF] is k-split follows by induction on b (the k-dimension
of m). The assertion is trivial for b = 1. Assuming otherwise, there is an element 0 # v € m such that
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vm = 0. The subgroup U[vF] C U[mF] whose S-points are elements g such that g(u;) € u; + vF ® S
lies in the center of U[mF], and is isomorphic to G, Let F/ = (R/v)?. We have an exact sequence

1 = UpF] = UmF] - UmF'] - 1. (6.26)
By the induction hypothesis, U[mF"] is k-split. It follows that U[mF] is k-split. O

6.3.4. Group schemes over Quotj, (R). Let GL[F], GL[F] and U[mF] be constant group schemes

over Quoty , (R) with fibers GL[F], GL[F] and U[mF], respectively. Note that GL[F] acts on F in
a tautological way. The readers shall keep in mind that all group scheme actions in this paragraph
are relative over the base Quoty, (R), and should not be confused with the ones introduced in §6.3.3
Now we define the following:
& is the subgroup scheme of GL[F] stabilizing .4” and acts trivially on 2.
Fil; ¢ is the subgroup scheme of ¢ that acts trivially on F. It is @al tog(mE )Ng.
Fily ¢ is the subgroup scheme of ¢ that acts as trivially on both .4 and 2.
GL[A] := Autr(A).
The group scheme ¢ admits a three-step filtration of normal subgroups:

1<Fil; 9 <Fil, ¥ «Fil3¥9 .= 9. (6.27)

The graded objects Fil; ¢/ Fil;_; ¢ are denoted by gr; 4.

Lemma 6.7. The following are true:
(a) The underlying scheme of Fili ¢ is a vector bundle of rank d(bd —n +r).
(b) gry ¥4 is a subgroup scheme of GL[E] which is Zariski locally isomorphic to Gg(d_r)
(c) The underlying scheme of Fila 4 is a vector bundle of rank bd> — d(n — d) — (d — r)?.
(d)

Proof.
(a) Let Spec S be a Zariski affine cover of Quoty,,(R?). Then

Fil; 9(S) = {g € GL[F](S) | g(u;) € u; + H(Spec S, # NmE),1 <i < d}. (6.28)

This implies that as a scheme, Fil; 4 is isomorphic to the total space of (.4 NmF)®¢, which
is a vector bundle of rank d(bd —n + r).

(b) Let % be the subgroup scheme of GL[F] fixing (6.23)) and acting trivially on both 2 and .4
Then gry ¥ C 7. The canonical splitting of (6.24)) gives rise to a morphism

grs 9 ~ GL[N]. In particular, it is Zariski locally isomorphic to GLg_,.

H — GL[F] — GL[F] (6.29)

whose image lies in Filp &. This implies that gr, ¥ = . Let Spec S be a Zariksi affine open
of Quotgm(R) over which 2 and .4 are trivialized. We can then pick a section of lb and

write Fg = A4 5 @ 2g. Then the S-points of %|g can be written as matrices

[Idb”s : dz S] | B Hom(Z, 7)(S). (6.30)

This particularly implies that gro ¢|s = Gz(gﬂ).

(c¢) This follows from (a) and (b).

(d) Let 2 be the subgroup scheme of GL[F] fixing the filtration and reducing to the
identity on 2. We have 4/Filj 4 C 7. As in (b), the canonical splitting of again
induces a morphism . — GL[F] whose image lies in ¢. This implies that ¢/Fil; 4 =
and gr3 g = ) 5.

4By this we mean that there is a Zariski cover U of Quoty ,,(R) such that gry %y ~ GZE?;” as group schemes. We
adopt the same convention for (d).



TORSION-FREE BUNDLES OVER SINGULAR CURVES 31

Let Spec S be a Zariski affine open of Quotgm(R) over which 2 and .4 are trivialized. Pick
the same splitting of (6.23) as in (b). Then the S-points of .7#|g can be written as matrices

[61 1 ] , A€ GLLA(S). B € Hom(2, H)(S). (6.31)
s
Taking its quotient by by (6.30]), the assertion that gry % ~ GL[AN/] follows. O

6.3.5. The torsor. We start by constructing £ in (6.21)) as the GL,,-torsor corresponding to the bundle
2. Recall that V,, is a fixed k-vector space of dimension n, and let V,, := V,, @ OQuoth( R) be the

corresponding trivial bundle, then
Q =Tsom(Vy, 2). (6.32)

We have a projection 7 : Q — Quot&n(R). Note that GL,, acts on Q via its action on V;,, while GL[F]
acts on 9 via its action on 2.

Since 7*Q — Q is a trivial torsor (e.g., there is a global section which comes from the diagonal),
we see that 72 — £ is a trivial bundle. It is an object in Coh] (R)(Q). Let

1:0q @V, 21" 2 (6.33)

be the isomorphism of On-modules induced by @ The pair (7*2, 1) gives rise to a morphism
w : Q — C](R) via the functor of points description @D

On the level of S-points, @ can be easily understood as follows. Let £ be trivialized over a point
zo : SpecS — Quoty ,(R), and let x € Q(S) be such that m(x) = zo. Then z corresponds to an
S-isomorphism ¢ : V,, ® S >~ (FF ® S)/N. We then have w(z) = ((F ® S)/N,¢). It is easily seen that
w is surjective, and is invariant under the GL[F]-action. Indeed, let g € GL[F](S) and let = be as
above, then we have wg(x) = ((F ® S)/gN, gt) ~ ((F ® S)/N,¢). This implies that wg(x) = w(z).

6.3.6. Local sections. There is a Zariski affine cover U = Spec D — C},(R), such that the tautological
point of Cj (R)(U) corresponds to (the equivalent class of) a pair

((F @ D)/Ntaut  fauty (6.34)

Fixing a pair (6.34)) in the equivalence class, we get a U-point o of Q such that wo = Idy. Therefore,
o is a section of @ over U. Two such sections differ by an action of GL[F|(U). Let Qu = Q X¢r(g) U-
Since w is invariant under GL[F], the section ¢ induces a morphism of U-schemes

P : GL[F)y = U x GL[F] 2% 9 x GL[F] - Q. (6.35)
Lemma 6.8. Let &4 be as in and let Gy = o*7*Y be the pullback group scheme over U. Then
po realizes Qu as the fppf quotient of GL[F|y by the fppf subgroup 4. In particular, we have:

(a) py is an fppf cover.
(b) GL[F|y is an fppf Gy-torsor over Qu trivialized by p, .

Proof. Let x be an S-point of U such that o(x) corresponds to an S-isomorphism ¢ : V, ® S =~
(F®S)/N, so z itself corresponds to ((F ® S)/N,¢). For an S-point (x,g) of U x GL[F], ps(z,g)
corresponds to the isomorphism gt : V,, ® S ~ (F ® S)/gN. It is clear that p, surjects onto Q. On
the other hand, p,(z, g) = po(z,¢’) if and only if g’g~! stablizes N and acts trivially on the quotient
(F®S)/N. This means that ¢’¢~! is an S-point of % that lies above x, so we obtain the fppf quotient
assertion. Once this is established, @ and @ are just formal properties of fppf quotients, see [I8]
Prop. 4.31]. O
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6.3.7. The proof. We say that a unipotent group scheme over a base Y is Y-split, or simply split, if
it is a successive extension of G, y. We say a group scheme G over Y is special, if any fppf G-torsor is
Zariski locally trivial. It is well-known that a split unipotent group scheme is special, and an extension
of special group schemes is special.

Lemma 6.9. Notation as in §0.3.4 There is a Zariski stratification
Quotg,(R) = | | Zs. (6.36)
BeB
such that for each B3, ¥ila 9z, is a Zg-split unipotent group scheme.

Proof. Note that it suffices to show that Fil; &z, is split for some Zariski stratification {Zs}, thanks
to Lemma E Take a nonempty affine open Spec S C Quoty, (R) and view it as an S-point of
Quoty,(R). It then corresponds to a submodule N C F'® S. Shrinking S, we can assume that
N' =NN(mF ®S) is free. The group scheme Fil; ¥ can be described as the functor

TeAlgg— {ge UmF|(T): g(u;) €Eu; + N' @ T,1 <i<d}. (6.37)

Let {w;}!*T%™ be a basis of N’. There is a nonzero element a € N’ such that ma = 0. Indeed, we
know that for any element b € N’, m"b = 0 for sufficiently large n. So multiply b by some suitable
element v € m, we have ub # 0 but mub = 0. Let a = ub and express a = ) , s;w;. There is at least
one s;, say si, that is nonzero. Now we can assume that S is reduced, so the localization S [sfl] is

nonzero. Therefore, {a} U {w; }?¥59™" is a basis of N'[s]!]. After shrinking S, we can assume that N’
admits a basis {w; }22F9™" such that mw; = 0.

Replace N’ by N’/w; and do the same trick. By induction, we see that after shrinking S sufficiently
many times, there is a basis {w; }?2F4"" of N’ such that mw; C span{wy,...,w;_1}. Define a central
series of unipotent group schemes

0« %1,5 N %275 g---4 OZ/bd,nJrr’S = Fﬂl %S (6.38)
by setting the functors of points as
Us:Te Algg — {g € UmF|(T) : g(u;) € uj +spang{wi,...,wj} ®sT,1 <1i < d}. (6.39)

It follows easily from the construction that %; s/%; s ~ Gi g- Therefore Fil; 9g is S-split.
Replace Quoty ,(R) by Quotg,(R) — SpecS and repeat the above process. Since Quoty,, (R) is

finite type over k, this ends in finitely many steps, and yields the desired stratification. [l
Lemma 6.10. Notation as above. There is a Zariski stratification
v | | v, (6.40)
veC

such that 9y, is a special Uy-group scheme.

Proof. From Lemma and Lemma (d), we see that there is a stratification {U, } such that Fily 9,
is split and gry 9y, is isomorphic to GLg_,p. . It is classical that GLgq_.y., is special. Therefore 9.,
as an extension of special group schemes, is special. ]

Proof of Theorem[6.1 By Lemma there is a stratification (6.40) on U such that the restriction
of 9 to each stratum is special. It follows from Lemmas and the specialness of ¢, that

(U] [GLIF]] = [Qu, [GLy_, JLI* - =d=r)”, (6.41)
Since various Q. also form a Zariski stratification of Q7, and U is a Zariski cover of C],(R), we have
[ChRIGLIF]] = [Q)[GLy Lo ==, (6.42)

Since [Q] = [Quot},,(R)][GLy], [C5(R)] = [Coh,(R)][GL,), and [GL[F]] = [GLqL"" by Lemma
we obtain the formula . O
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7. FUNCTIONAL EQUATION

As our second major goal, we now prove Theorem Assume k = F, and (x), and recall the
notation in This section is otherwise independent of §4] and uses different techniques.

Throughout the proof, we fix a finite-index subring Z C R such that (i) Z is isomorphic to the
power series ring k[[X]] and (ii) K is a separable algebra over @ := Frac Z. This is always possible:
if (T7%)7_, is the conductor of R, then we may take Z = E[[>_;_, T¢]], where ¢ > max;¢; and c is
not divisible by the characteristic of k. In this case, K is an s-fold product of finite separable field
extensions of Q). We collect some basic facts, following [63, §2]. The ring extension Q C K makes K
a free module over @ of finite rank. We have a trace map trg g : K — @ by defining trg /() to be
the trace of the multiplication-by-a map on K, viewed as a ()-linear map.

Let D be a generator for the different ideal of K/Q as an ideal of R. Define the modified trace
pairing K x K — @Q by (z,y) — trK/Q(Dflary); it is nondegenerate because K is a separable algebra
over Q. For any fractional ideal I of R (namely, a rank-one R-lattice in K), define IV = Homy(I, Z)
and view it as a fractional ideal of R by

IV :={z € K : trg,o(D'al) C Z}. (7.1)

The choice of D ensures that (R)” = R as fractional ideals.

For any R-lattice L in a finite-dimensional K-vector space V, consider the LV := Homy(L, Z) with
an R-module structure induced from the one on L. By the general tensor-hom duality, we have a
canonical isomorphism of R-modules LY ~ Hompg(L, RY). We view L as an R-lattice in Homg (V, K)
using the natural inclusion Hompg(L, RY) — Hompg(V,K). As a subset of Homg (V, K), we have
LY = {0 € Homg (V,K) : (L) C R}. We have the double dual property (L)Y = L as lattices in K¢
because any R-lattice is free of finite rank over Z, and Homy(-, Z) clearly has this property on free
Z-modules of finite rank. For this reason, R" is a dualizing module of R, and we may take Q = R".
For two R-lattices Ly, Ly of V, we have [LY : LY] = [Lo : Ly].

We define a restricted lattice zeta function below. In this section, we drop the notation ||, through-
out, i.e., every zeta function refers to point counts rather than the motives.

Definition 7.1. Let V' be a K-vector space of dimension d, and fix R-lattices L, M in V. Define

Zy(tL) = > MM and NZy(t L) o= (t:q)3Zu(t; L). (7.2)
NCrM
NZRL
From the definition, NZ;(t; L) depends only on the isomorphism classes of L and M as R-modules.
By [10, 44], NZ s (t; L) is a polynomial in ¢ and the number of isomorphism classes of R-lattices in V'
is finite.
From now on, we define V := K¢ := K% the space of column vectors, and identify Hom (V, K)
with K'*¢, the space of row vectors. For any fractional ideal I of R, we view I% := J%¥1 as a lattice
in V and I'*? as a lattice in K'*¢. We prove a refined version of Theorem [1.7] Recall § = [R : R].

Theorem 7.2. Assuming the notation above, we have
NZaa(t: L) = (¢" ) NZgalg™ "t (1)) (7.3)

for any R-lattice L in K?, where (L) denotes the image of LV under the transpose isomorphism
K1><d N del‘

7.1. Tools from harmonic analysis. Let V := K¢ and fix R-lattices L, M in K¢ throughout.
We canonically identify Hompg (L, M) with the set of x € Maty(K) such that L C M. We have a
map Hompg(L, M) — Grg(M) (the set of R-sublattices of M) by sending = to xL. Let Inj(L, M) =
Homp(L, M) N GL4g(K). Then any sublattice N Cr M such that N ~p L can be expressed as
xL for some x € Inj(L,M). Moreover, we know the overcount. Let Aut(L) be the subgroup of
GL4(K) consisting of z such that xL = L. For x1,x9 € Inj(L, M), we have 1L = xoL if and only if
x5 wy € Aut(L).
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We rewrite the definition of Zj/(¢; L) in terms of a Haar measure integral by using the substitution
N = zL. Define A := Matq(K), so A* = GL4(K). Let p and dx denote the (additive) Haar measure

on A with normalization p(Matg(R)) = 1. Let p* and d*x denote the left-invariant (multiplicative)
Haar measure on A* with normalization p*(GLg(R)) = /(g Y ¢ 15 For any x € A*, define a
multiplicative norm |||y by [z||;;! := ¢!V*N for any R-lattice N in V; this is independent of N.
Define another multiplicative norm ||-[[4 on A% by |z| ;' := ¢V=N = ¢[N:Nal for any R-lattice N
in A (viewed as K%). We must be cautious about the distinction between |-|[4 and ||-||y. In fact,
|x)|a = ||z||¢. The measure * on A is bi-invariant and we have d*z = ||z dz.

We use the change of variable ¢ = ¢~* and define (j;(z; L) := Zp(q~*; L) for complex numbers z
with large enough real parts. For R-lattices N1, Ny of K9, define (Ny : No) = ¢!™*N2l, Then we have
the following.

Lemma 7.3 ([10, Eq. (11)]). We have

Cuv(z L) = p* (Aut L)1 (M L)_Z/

Linj(z,an) (@) 2||5d ™ 2, (7.4)
TEAX

where 1,5z, 01y 8 the indicator function of Inj(L, M).

We recall the Fourier transform and a variant of a theorem of Tate. We note that A = []7_; Matq(K;),
where K; := k((T;)). Since K;/Q is a separable field extension, Mat,(K;) is a simple algebra over
Q, and thus A is a semisimple algebra over Q. Let try x : A — K be the usual trace map of d x d
matrices over K, and define a modified trace tr: A — Q by tr(z) := trg (D~ tra/k(2)). Then the
pairing on A (as a finite-dimensional Q-vector space) defined by (z,y) — tr(zy) is nondegenerate.

Fix a multiplicative character x : @ = k((T")) — C* such that a fractional ideal I of Z (necessarily
of the form (T7)k[[T]]) lies in the kernel of x if and only if I C Z (i.e., n > 0). Concretely, if p is the
characteristic of k = F,, we may define x by

Y (Z anT”> = exp (2;” trr, /F, (a_l)) . (7.5)

nez

A Schwartz—Bruhat function on A is defined as a locally constant and compactly supported function
from A to C. Given a Schwartz—Bruhat function ® on A, its Fourier transform is defined as

B(y) = /A B (a)x (tr(xy))d, (7.6)

which is again a Schwartz—Bruhat function on A. We remark that in general, the Fourier transform is
defined on any finite-dimensional vector space over ) and depends on the nondegenerate pairing, the
character x and the (normalization of) the additive Haar measure dz.

Define the zeta integral associated to a Schwartz—Bruhat function ® on A by

2(®:2) = /GAX (2)||z|[5d . (7.7)

The following theorem is a generalization of a theorem in Tate’s thesis and is crucial in our proof
of Theorem [LL7

Theorem 7.4 ([I0, Prop. 2]). Assume the setting above. Given any Schwartz-Bruhat functions ®, ¥
on A, the zeta integrals Z(®;z) and Z(V;z) admit meromorphic continuations to all of z € C, and
satisfy

Z2(®;2)  Z(®;1 - 2)
Z02)  Z(W51—2) (78)
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7.2. Fourier transform of an indicator function. Using Lemma the definition of the zeta
integral, the definition Inj(L, M) = Hompg(L, M) N A, and the relation ||z|/4 = ||z||{;, we have

(23 L) = p* (Aut L)™H(M : L) Z (Litomp(Ly: 2/d). (7.9)
To apply Theorem to obtain a functional equation for (js(z; L), we need to compute the Fourier

transform of lygy(z,n) when M = Q41 From now on, we denote by u the Haar measure on K

normalized by u(R) = 1; by abuse of notation, we let p also denote the product measure it induces on
Kax1 Ixd op A = K9%4 which is consistent with our notation for the additive Haar measure on A.

Lemma 7.5. Let L be an R-lattice in V', and M = Q%1. Then
iHomR(L,M) — ,U,(Lv)di\led. (710)

Proof. First, note that Homg(L, M) = Homp(L, Q)™ = (LY)¥*!; this means Homp(L, M) is an
R-submodule of A = K9 consisting of matrices whose rows lie in LV.

Now fix y € A, and denote by y; € K% the j-th column of y. By letting x; denote the i-th row of
x € Hompg(L, M) and using the multiplicativity of x, we have

Thomnzan @) = / x(tr(ay))da (7.11)
z€Hompg (L,M)

_ / kgD (i) . da (7.12)
T1,..., kg€l
= / X(trK/Q(D_l(xlyl + - 4 2qyq)))day ... dxyg (7.13)
T1,..,xgELY
d
11/ gD aigi))das (7.14)
i=1 z, €LY

It suffices to show that fmieLV xX(trgjo(D ayi))da; = p(LY)11(ys). To prove the claim, we recall
from the definition of dual lattices and the double dual property that

L={ve K™ :uveRforue L'} (7.15)

We also recall that as a subset of K, we have RY = {a : trg/o(D'aR) C Z}. Hence, any a € RY
satisfies trK/Q(D_la) € Z. As a result, if y; € L, then for any x; € LV, we have x;5; € R, so that
trK/Q(Dflxiyi) € Z. Since Y is trivial on Z, we have fxiELV X(trK/Q(Dflxiyi))dxi = fmiELV ldx; =
/L(LV) if Yi € L.

It remains to show that fziELV X(trK/Q(Dflxiyi))dxi =0if y; ¢ L. We claim that

T X(trK/Q(Dflxiyi)) (7.16)

is a nontrivial character on LV; if this claim is proved, then the proof is complete because the
integral of a nontrivial character is necessarily zero. We proceed by contradiction. Assume that
X(trK/Q(Dflxiyi)) is a trivial character on z; € LY. Then the fractional ideal of Z in @ given by
trK/Q(D_lLvyi) is in the kernel of x. From our construction of y, we must have trK/Q(D_lLvyi) cZ.
Since LYy; is a fractional ideal of R in K, any o € L"y; satisfies D™'aR C D~ !'LVy;, so that
trK/Q(D_laR) C Z. By the characterization of R" as a subset of K, we have a € R". It follows that
LVy, € RV. By ([7.1F)), we have y; € L, a contradiction. O

Before we prove Theorem we need one more observation.
Lemma 7.6. For any R-lattice L in K", we have p*(Aut L) = p* (Aut((LV)T)).

Proof. We claim that Aut((LY)") = (Aut L)T. If the claim is proved, since the transpose isomorphism
A* — A* preserves the measure p*, the lemma follows.
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Noting that Homp(L, L) is a subalgebra of A and Aut L = Hompg(L, L)*, it suffices to prove that
Hompz((L¥)T, (LY)T) = Hompg(L,L)T. Equivalently, we claim x € Maty(K) satisfies 2L C L if and
only if 27 (LV)T C (LV)T, which is itself equivalent to LYz C LV.

We recall from the definition of LY and the double dual property that

LY ={ue K™ . uLCR"}, L={ve K™ L9 CR"}. (7.17)
It follows from the second equality that L C L if and only if LYzL C RV, and it follows from the
first equality that LYx C LV if and only if LY2L C RY. This proves the claim. O

7.3. Proofs of Theorem and Theorem We now prove Theorem [7.2] and Theorem

Proof of Theorem[7.4 Let M = (RV)¥! and fix an R-lattice L in V = K%', We remark that even
though the zeta function Z/(¢; L) depends only on the isomorphism classes of M, L as R-modules,
we need to fix the embeddings M, L C V throughout our proof. Consider the equation with
® = 1gomp(r,m) and ¥ = 1Matd(§), and substitute z with z/d. The strategy of the proof is to express

both sides of the equation above in terms of the restricted lattice zeta function using (7.9) and (7.10).
We start with the left-hand side. By (7.9)), we have

Z(®;2/d) = p* (Aut L)(M : L)*Ca(z; L). (7.18)

Note that the normalization of every measure and the Fourier transform involved in (7.9) depends

on K, Q, R but not on R. In particular, we may apply ([7.9) with R = Rand L =M = R%. Tt follows
that

Z(W; 2/d) = uw* (GLa(R))CE, (= BY), (7.19)

where the notation ¢ g , indicates that the lattice zeta function is with respect to the ground ring R.
Since every R-lattice is isomorphic to RY, the function ¢ g (2 Ed) is simply ¢ g ,(2), which by Solomon’s
formula equals to 1/(¢™%;q)j. Substituted into the above equation, it follows from the definition of
NZ i (t; L) that

Z(®;z/d *(Aut L

(®52/d) _ p"(AWCD) 30 pveng (675 ). (7.20)
Z(¥;z/d) > (GLg(R))
We now consider the right-hand side of (7.8)) with z — z/d. By ([7.10), we have

Z(®;1 — z/d) = p(LY)*Z(Ap1xa; 1 — 2/d). (7.21)

By the definition of the zeta integral and the fact that matrix transposition x — 7 preserves the
norm ||| 4 and the measure d*z, we have

Z(®;1 — z/d) = w(LV) Z(1(pryaxi; 1 — 2/d). (7.22)
By the double dual property, we have (LT)%*! = Hompg((LY)", M). It then follows from (7.9) that
Z(®;1 = z/d) = p(LY) > (Aut(LY) ") (M : (L)) Cu(d = 2 (LV)F). (7.23)

To compute Z (@, 1—2z/d), we again consider ¥ as a special case of ® with R = Rand L = M = R%.
Substituting this into the above equation and using the self-dualness of R, the normalization u(R) = 1
and Solomons’ formula, we have

Z(W;1 = z/d) = p* (GLa(R)) (¢~ 9),°. (7.24)
Combining the above equations and using the definition of NZy;(¢; (LY)T), we have

Z(®;1 — z/d) S AENDT)) vdr g AT —(d—2). (7V\T
2001 —2jd)  p*(GLa(R) p(L) (M = (LY) )" *NZm(q (L)) (7.25)
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By Theorem the formulas ([7.20)) and (7.25) are equal. Equating them, applying Lemma
removing the common factor u*(GLg(R)), simplifying using the general property (L; : Lo) =
((L1)/ (L), and noting that u(LY) = p((LY)T), we get

NZy(q % L)
NZ y(q=(@=2); (LY)T)

As the final step, we simplify the right-hand side of ([7.26]) using properties of duals. Recall the
general property (LY : Ly) = (Ly : L1). Substituting L1 = L, Ly = (R)?*! and using the self-dualness
(R™1)Y = R1*d the general property (L; : L) = pu(L1)/pu(L2) and the normalization u(R) = 1, we
have p(L)u(LY) = 1. Using M = (RY)%!, we similarly have

— (L) (L) (MY, (7.26)

w(M) = p(RV)? = (R : R) = (R: R)? = ¢*, (7.27)
where we recall that § = [R : R] is the Serre invariant. We thus get
NZn(q % L) (d2—2d2)5

= 2)0, 7.28

NZn(a~ @7 (L)) 72

Setting t = ¢~ % completes the proof of Theorem O

Proof of Theorem[1.7]. Let S denote the set of isomorphism classes of R-lattices in V. Note that
NZ p(t; [L)) is well-defined for [L] € S. By the double dual property, [L] — [(LY)T] gives an involution
on S. Theorem then follows from Theorem and summing over all [L] € S. O

Remark 7.7. One might be able to obtain a motivic analogue of Theorem using a motivic version
of the Fourier method, e.g., [I3]. But even so, to attack Conjecture it needs to be done relatively
with the base being the stack of rank d torsion-free modules over R.

8. THE y? = 2™ SINGULARITY

In this section, we apply Proposition [£.7] to prove the point-counting versions of Theorems [I.8 and
We first make an alternative formulation of (4.12) that is useful in our cases.

8.1. Boundary R-lattices. Define the set of boundary R-lattices for M /M to be
O(M):={M CLCrM:RLNM = L}. (8.1)

We note that lattices in dps (M) necessarily lie in M, unlike the lattices in 5M(M ); this turns out to

be a convenient feature later. Nevertheless, dps (M) is in a canonical bijection with 5% (M).
Lemma 8.1. The map L — RL gives a bijection O (M) — 5M(M) with, inverse L — LN M.

Proof. If L € dy(M), then RL € 9y (M) because L € Eg(RL; M). Therefore, L — RL is well-
defined. Conversely, if L € 5M(M), assume N € Eg(L; M). Then we have N C LN M =: L and
RN = L. Tt follows that RL = L, so that L € Op(M). As a result, L LN M is also well-defined.
It is clear that both maps are inverse to each other, finishing the proof. ]
The alternative recipe to parametrize R-sublattices of M is as follows:
e Choose Ly € Oy (M);

e Choose N using the data at the right-hand side of (4.5) with L := RLy, and independently
choose L € Er(RLy; Ly).
When k =F,, we get the following version of (4.12):

INZG(Dlg= > (H(t;q)rki(%/%)> > (8.2)

LbEaM(M) i=1 LEER(ELb;Lb)
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8.2. Structure of R®™, Fix m > 1 and a field k. Recall R>?™+1) .= k[[X,Y]]/(Y? — X?™*1) and
RZ2m) .= E[[X,Y]]/(Y (Y — X™)). We first review these rings in terms of the notation in

e For R = R(22™+1) e have s = 1, and we identify the normalization map with
R = K[[T?, T?"] — k[[T]] = R. (8.3)
The conductor is ¢ = (T2™)R. We have R/c ~ k[[X]]/X™, where X = T2,

e For R = R(22™) we have s = 2, and we identify the normalization map with

R = k[[T{", T3", Ty + b)) < k[[T1]] x K[[T3] = R. (8.4)

The conductor is ¢ = (Tfm,TQQm)R We have R/c ~ k[[X]]/X™, where X =T (:= T} + T3).
We crucially note that in both cases, R/c¢ is a DVR quotient.

8.3. Explicit parametrization of extension fibers. We now explicitly parametrize £ R(E) for an

arbitrary R-lattice L if R = R22m+1) op RZ2m) which serves two purposes. First, it will be needed to
compute |Z g ,(t)|g, the “easier” part of the point-counting versions of Theorems and Second,

we will use it to parametrize Eg(L; M), which will be needed to compute |Zga (t)|q, the “harder” part.

Our general strategy is to reduce the above problem to a special case of Lemma with A = R/c¢
and V5 free (so the set Hom 4 (Va, V1 /W) is easy to describe). To achieve it, we prove Lemmas and
below. In the proofs, it is useful to note that

R=R+TR, if R=RZ"+1) (8.5)
and
R=R+e1R=R+eR=e R+ esR, if R = R%?™), (8.6)
As a result, analogous equations hold if R is replaced by RL and R is replaced by L.

Lemma 8.2. Let R :~R(2’2m), and L be an R-lattice. Then an R-lattice L C L satisfies RL=1 if
and only if L+e;L =1L fori=1,2.

Proof. We note that the following decompositions are actually direct sums:

RL =e1L®esl, (8.7)

L = elf ) 625. (88)

Hence, RL = L if and only if ;L = e;L for i = = 1,2. Since multiplication by e; is precisely the
projection map from L to elL with respect to the decomposition . the condition ;L = ezL is
equivalent to L + e]L L, where (i, ) = (1,2) or (2,1). O

Lemma 8.3. Let R = R(Z2m+l)  gp4 L be an R-lattice. Fiz an R-lattice F; C L such that ]?iFE = L.
Then an R-lattice L C L satisfies RL=1L if and only if L+ T - F; = L.

Proof. Assume L + TF; = L. To prove L +TL = Z, since T"F; C L for n > 0, it suffices to show
that L = L+ TL + T"F; for all n > 1. We prove it by induction on n. The base case n =1 follows
from the assumption. For the induction step, assume n > 1 and L=L+TL+ T"F5, then we have

L=L+TL+T"F; CL+TL+T"L=L+TL+T"(L+TF;)=L+TL+T""F;,  (8.9)

where the last equality follows from that 7"L C L if n is even and 7L C TL if n is odd. (To see
this, recall that T2 € R and L is an R-lattice.)

Conversely, assume L +TL = L. Then we have
L=L+TLCL+TL=L+T(F;+TF;)=L+TF;+T*F;. (8.10)



TORSION-FREE BUNDLES OVER SINGULAR CURVES 39

Again, to prove L=L+ TF>, it suffices to prove that L=1L+ TF; + T2"FZ for n > 1. We have just

proved the base case n = 1. To proceed with induction, assume n > 1 and L=L+ TF; +T 2nFZ,
then we have

L=L+TF+T"F; CL+TF; +T?'L
=L+ TF; + T (L+TF; +T*F;) = (L+T?'L) + (TF; + T*" ') + T

2n+1
=L+TF; +T%"F;.

27z+1

F;  (8.11)
0

From now on, if R = R(22"+1) e fix a free R-sublattice F; of L such that EFE = L. For instance,
one may let F'; be the R-lattice generated by uy, ..., uq, where {u1,...,uq} is an R-basis of L. As is
foreshadowed in Lemma our parametrization of Fr(L) will depend on the choice of F;.

We introduce some notation needed in our parametrization for Fr(L).

Notation 8.4. Define A := R/c, A := R/c and recall that A ~ k[[X]]/X™. Consider the A-module
V := L/cL. We define the following A-submodules of V' once F7 is fixed:

o If R = R+ et V5 = F; /cL and Vi = T'Va.

o If R = R(22m) et V; = ¢;V for i =1,2.

We note that V; are free A-modules of rNank d, and V = Vi & V5. For the direct sum assertion, it
suffices to observe for R = R(2™+1) that R/c is a free module of rank 2 over R/c with basis {1, T}.
By Lemma we may identify elements of Fr(L) with A-submodules of V' using

L Wy := L/cL, for L with ¢L C L C L. (8.12)
We always have [L: L] = [V : Wp].
We now state our parametrization.

Lemma 8.5. Let R = RZ2m+1)  gnd L be an R-lattice. Fix F5 as above. Then in the notation above,
there s a bijection
Er(L) = {(W',) : W' Ca Vi, € Homa(Va, Vi/W')},

/ (8.13)
L~ (WLv QDL)7

where Wi = Wy NVy and ¢y, is the composition Vo — V. — V/Wp ~ Vl/Wi. Moreover, we have
[L:L]=[Vi: W'

Proof. Taking Lemma modulo cz, we conclude that an R-lattice L with ¢L C L C ¢L is in ER(Z)
if and only if Wy, + Vi = V. Then the result follows from Lemma [3.2 O

Lemma 8.6. Let R = R?2™) and L be an R-lattice. Then in the notation above, there is a bijection

Er(L) — {(W', @) : W Ca Vi, € Surj,(Va, Vi/W')},

, (8.14)
L— (Wln @L)v

where Wi = Wi, N Vi and @1, is the composition Vo — V. — V/W, ~ Vi /W] . Moreover, we have
[L:L]=[Vi:W].

Proof. Taking Lemma modulo cz, we conclude that an R-lattice L with ¢L C L C ¢L is in ER(E)
if and only if Wy + V4 = W + Vo = V. We first classify Wy, with W + V4 = V using Lemma, (3.2
Under this classification, note that ¢ is the natural map Vo — V/Wp, so that Wy 4+ Vo = V if and
only if ¢y is surjective. O
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Remark 8.7. A finitely generated A-module is nothing but a k[[X]]-module whose type A satisfies
A1 < m. In later discussions, we often identify the classifying set on the right-hand side of (8.13)) with

{W',0) : W Sy Vi € Homypy (KX Vi/ W)Y, (8.15)
and similarly for (8.14)).

Our parametrizations above immediately imply the “easier” part of the point-counting versions of

Theorems [1.8] and [I.10] Recall §3.2]
Proposition 8.8. Let k =F, and R = RZ2m+1) - gnd L be an R-lattice. Assume k = F,. Then
d
INZE,BOlg= > 9" (@) (g"t)¥. (8.16)
nC(md)

Proof. We note that V; = A% is a k[[X]]-module of type (m?). In Lemma letting 1 be the cotype
of W'in Vi, we get

T. md
Z L] — Z gL )(q) qBHlele. (8.17)
LeER(L) pC(md)
The desired formula then follows from Remark [£.9] O

Proposition 8.9. Let R = R?2™)  and L be an R-lattice. Assume k = F,. Then

-1. -1
NZEDl = YD o) (g G (3.18)
uC(md) (q ) )df'u’l

Proof. The proof is analogous to the proof of Proposition except that we need to multiply by the
probability that ¢ be surjective, which is (¢7%;¢ 1) a/(¢7 Y q_l)d_u/1 by Lemma O

We now describe Eg(L; M) as a subset of Eg(L) using the parametrization data in Lemmasﬁ
. Assume ER(L M) is nonempty, so that Ly := LN M is in Egr(L )7 and ER(L M) = Er(L; Ly).
The following lemma describes F R(L Ly) for L, € E R(L)

Lemma 8.10. Let R = R2™, and let L be an R-lattice. Suppose Ly € Er(L ) 18 classzﬁed by
(Wr,,¢r,) under Lemma or Lemma . Then Eg(L; Ly) consists of lattices L € Eg(L) whose
classzfymg datum (W], 1) satisfies

o W] C Wib;

e oy, is a lift of pr,, i.e., oL, is the composition V2¢—L>V1/W£ — Vl/Wib'

Proof. For L € ER(E), we have L € ER(E; Ly) if and only if Wy, C Wy, . This is equivalent to (a)(b)
by the definition of both sides of the bijection Wz, <+ (W], 1) in Lemma and its proof. O

Remark 8.11. Assume k = F,. Given W} C Wi and ¢r,, the number of ¢; € Homu(Va, Vi/W])

that lifts ¢r, is clearly ¢ AW, L] However, if R = R(?™) we need to count the number of surjective
lifts as per Lemma Fortunately, by Lemma every pair of surjections ¢r,’s are related by
some element in GL(V2) = GL4(A), so the number of surjective lifts of ¢y, is constant as ¢y, varies.
Therefore, we can compute this number by

#Surj4(Va, V1/W1)
#Surj 4 (Va, Vi/W7,)’

(8.19)

for which we can invoke Lemma [3.6
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8.4. Sublattices of RY. Define F := R? We now apply (8.2) with M = F and M = ¢F to
parametrize R-sublattices of F. It remains to describe the elements L, € O.p(F'), and determine

rki(]A?;Lb JcF) and E R(ELb; Ly) in terms of Ly. The following lemma describes O.p(F).
Lemma 8.12. For R = R+ or RZ2m) we have d.p(F) = {¢F C L Cg F}.

Proof. By the definition in , it suffices to prove that every ¢/ C L Cpr F satisfies RLNF = L.
We recall the notation A, g, V, W, from Notation (with the ambient lattice L replaced by F ) and
work modulo ¢F. Then it is enough to show that as A-submodules of V', we have AW N Wp =W
for any W C4 Wp. But this is true because Wp = A% and V = A¢ canonically, and A is a direct
summand of A as an A-module. Indeed, A=A®TAif R=R> 2m+1) “and A=Aq THWA=AdTA
if R = R(22m), O

As a result, we have a bijection Ocp(F) — {W Cyx) Wr} defined by L — Wy := L/cF. Note
that Wr ~4 A% is of type (m?). From now on, fix a boundary lattice L, € O.r(F), and denote
Wy = Lp/cF. Let A = Ak[[X]](F/Lb) = Ak[[X]](WF/Wb) be the cotype of Wy in Wg. The type of
W, is then given by (m?) — A\. We now describe rk;(RLy/cF) and Eg(RLy; Ly) solely in terms of the
partition A C (m?).

Lemma 8.13. Assume the notation above. If R = R@2m+Y) then vk(RLy/cF) = d — X, . If R =
RZ2™M) then tk;(RLy/cF) = d — X, fori=1,2.

Proof. We note that ﬁLb/cF = ng and k(W) = d— \,,. The rest of the proof splits into two cases:

o If R = R22m+1)  we need to show that rk+ (ZWb) = rks(W3). Indeed, since AW, = Wj, &
TWy ~ Wy, ®4 A and the residue maps A — k and A = k are compatible with respect to the
inclusion A — A, we have (AWb) @ik~ W, ®ak.

e If R = R%2M) we need to show that rk, (eZAWb) = rka(Wp) for i = 1,2, where ezg is
a ring with identity element e;. The desured claim follows immediately from the fact that
multiplication by e; gives a ring isomorphism A — eiA. g

To describe Er(RLy; Ly), we apply Lemma fixing a free R-lattice F, such that RFy = RL,
if R = R(22m+1)  The nature of the parametrization in Lemma depends on the type of Wib as
a k[[X]]-module, which we now determine in terms of \. We warn the reader that Wy, is entirely

different from Wp: the former lives in RL, /¢Ly, while the latter lives in F'/cF.

Lemma 8.14. Let R = R®™ and assume the notation above. Then the type of Wib s A.

Proof. The key claim is that RLy/Ly ~ Ly/cF as R/c-modules. Working modulo ¢F, the claim is
equivalent to AWb /Wy ~ Wy, as A-modules. For R = RZ2m+1) e have AWb Wy, & TW,, so the
map W, — AWb /Wy induced by multiplication by T gives the desired isomorphism. For R = R2:2m)
we have ZWb = W, & et Wp, so the map W, — EWb /Wy, induced by multiplication by ej gives the
desired isomorphism.

Now in the classification in Lemma we have V;/ Wib ~ RL, /Ly as A-modules. By the above
claim, the type of V;/ Wib is the same as the type of Wj, which is (m?) — \. Since Vi ~ A%, it follows

that the type of Wy is A. O
We are ready to prove the “harder” part of Theorems [I.8| and [[.10] up to point counts.
Proposition 8.15. If R = R®?™*1) and k =T, then

INZaDlo= S 07 (@) 9(@) (5 @)ar, N (g, (8.20)
HCAC(m?)
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Proof. This follows from substituting Lemma Lemma Lemma and Lemma [8.14] into

(8.2). More precisely, we use the notation of (8.2)), Lemma and Lemma In Lemma we
replace L by RLy. Finally, we let A be the type of W, and p be the cotype of W} in Wib. ([l

Remark 8.16. In Lemma we will further simplify (8.20]) to the form in Theorem

Proposition 8.17. If R = R??™ and k = F,, then

1
NZp@le= Y 6@ @) <t;q>3%t“'<th>‘”—'ﬂ'%. (8.21)

Proof. The proof is analogous to the proof of Proposition [8.15] except we replace Lemma[8.5 by Lemma
apply Remark and let p be the type of W] instead. O

8.5. The motivic version. To finish the proof of Theorems [I.8] and [1.10, we need to show that
parametrizations described above are motivic, i.e., they correspond to stratifications and fibrations.
We just focus on the geometrizing Proposition [8.15} the rest is similar.

The issue arises in padding (Lemmas and , where we make a noncanonical choice for a new
object for each previously chosen object that varies in a continuum. Thanks to Remark [5.40} we can
ignore this problem, i.e., it suffices to show that the family Y := {(L, Ly) : L € Er(RLy; Ly), Ly €
O.r(F)} has rational motive (i.e., the motive is in Z[L]). Here the family depends on relative indices
[F: Lp] and [Ly : L] that we implicitly fix.

Recall that we stratify the space of Lj’s according to the type A of F'/L;. Denote by B) the locus of
Ly with a fixed M. It clearly has rational motive. Recall that we parametrize each (L, Ly) by a triple
(Ly, W7, 1), notation as in Lemma where the space of possible (W}, ¢r)’s depends (through V1,

V5, and Wi ) on Fy, a free R-lattice such that RFb Lb that we have to fix noncanonically in advance.

But since Fj, can be obtained as the R-linear span of any basis of ELb, there is a stratification B} ; of
By and a “coherent choice” Fj in family for each L € By ;. Using these, we can build a stratification
Y= |—|>\,u,i Vi where Yy ,; consists of elements (Ly, W}, 1) of Y such that L, € By; and W] has
type p. One can easily identify ) ,; with a trivial bundle over B); whose fibers are isomorphic to
the space of solutions to Lemma as if W7 were a fixed k[[X]]-module of type p. The fiber clearly
depends only on A, 1 and has rational motive. Denote the fiber by F) ,. Then

V] = Bl [Fapl = > B [Faul; (8.22)

As by A

which has rational motive. This completes the proof of Theorems (up to Lemma and O

9. COMBINATORIAL ASPECTS

In this section, we collect some formal observations about the polynomials and power series in two
variables arising from NZ pa(t) and NZ r(t), where R = R2m+1) or R(22™) Some of these will finish
the proof of Theorems [1.13] [1.14], and[T.16] We note two key inputs: a new combinatorial identity
(Lemma 9.3]) proved by g-hypergeometric techniques, and the functional equation (Theorem . ) for
R = R(22m) that amounts to a formal identity whose direct proof is so far unknown. The former is
necessary to prove the NZ pa(t) = NZE (#?) assertion for R = R?"+1 (Theorem ., see § The
latter is needed to prove Theorem [L. 6] sce §

We remind the readers that all polynomials and series involved in this section are explicit, and
their formulas can be extracted from Propositions and Since the discussion in
this section only concerns formal polynomials and series, there is no harm to take the point-counting
versions of these zeta functions over F, and treat ¢ as a variable.
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9.1. Basic hypergeometric series. Our main tool to prove formal identities is the basic hypergeo-
metric series (or g-hypergeometric series) and its transformations. We first recall the definition.

Definition 9.1. For r,s > 0, define

Ay ...,Qr L= Ok (g) s+1—r (GIQQ)k---(arQQ)k Zk
Mbs{bl»---v o ] kzo(( 1 ) (@ kb1 Dk - (bs; D~ (9-1)

To apply the method of ¢g-hypergeometric series, the first step is to convert the expression in ques-
tion into a g¢-hypergeometric series. This often involves converting a g-Pochhammer symbol such as
(a;qQ)n+k, (ag¥; q)n, and (a;q~ ') into the form (A;q)x, where A does not depend on k. The process
is straightforward once the goal is clear. Some useful identities are

, _ (g9)n
)= e (9.2
(a:9)k = (—a)fq) (a5 47 (9.3)

The second step is to apply transformation identities to the g-hypergeometric series we obtain. We
will refer to [23] for standard identities. We state one here.

Lemma 9.2 (Cauchy, [23, (IL.5)]). As formal series in a, z,q, we have

o 1Nk (@ak g (5)w
11 [‘Mq’ ] kzzo( e (¢; 9 (az; )k (a2 @)oo (0.4)

9.2. Proof of Theorem To simplify (8.20]), we need the following identity, which appears to be
new. We thank S. Ole Warnaar for sketching its proof.

Lemma 9.3. For d,m >0 and any partition p C (m?), we have the following identity in Z[t, q):
md md
> " @@ Mt g, = g (@) ", 9.5)
X HEAC ()

Proof. We denote (¢~1),, := (¢7';¢ 1), to save space. Applying Theorem and dividing both sides
by ¢~ i1 (¢~ 1)4, the original identity is equivalent to

. d4\|A d
T g T 0iox, @ M [M—uéﬂ @ g

A uCAC(md) HiZO(q_l)A;‘_M-H i>0 /\; - M; :|q—1 HiEO(q_l)u;—u;_ﬂ

where A\j = () == d.

The strategy to prove is as follows. We denote the left-hand side of by fum.a(t,q). We
first fix \j,..., A\’ _; and sum over A}, from p], to X/ ;. It turns out that the sum can be evaluated
by Lemma We now sum the result over \j,..., A _; withd > X} >--- > X _, and A, > pu! for
1 <4 <m— 1. It then turns out that this sum is a multiple of fz,,,—1,4(t,q), where fi is the partition
with 7, = p} for 1 <i <m —1 and @}, = 0. The identity then follows from induction on m.

We now carry out the computation in detail. If m = 0, the identity reduces to 1 = 1. Now assume

m > 1. By extracting the factors that do not depend on X, and substituting k = X, — u,, the
left-hand side of equals

! m—1y/ m—1
(gt S TN (q;‘t)zizl & [Aé - uéfl]
HZO (q_l))\;f)\éﬂ i=1 )\Z - ,U,,L -1
’\;n—lfliin

q

—1
(a7, N AL

(9.7)
k(hry) (G D, k(0"

e
i
o
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We reorganize the inner sum of ([9.7) into a ¢~ !-hypergeometric series as follows

(@i, " b (Mg,

' 4)d—p, k — oL d—1-X__ .k

[ 2. (D' © (g Yk (g4 Hmt; q‘l)k(q ) (0:8)
m—1~ Mm k=0 )

Note that the upper bound of the sum of may be replaced by oo, since (qA;lflf“;ﬂ; g V=0
for k> X _, — pl,. Applying Lemma M with a = q/\infl_“/m, 2 = ¢ 1=Fmt and reorganizing, we get

/
2 | M —
Framattsa) = P3P aa) (99)
2 g1
The desired identity then follows from induction on m. O

Proof of Theorem[1.8 By it suffices to prove the point-count version. For R = RZ2m+1  the
assertion about NZZ,(t) is proved in Proposition For NZ pa(t), the desired formula follows from

(8.20) and Lemma More precisely, evaluating the subsum of (8.20|) associated with each fixed p
using Lemma [9.3] we get
INZpa(®)lg= Y o) (a8, (9.10)
nC(md)
]
Remark 9.4. The identity (9.5) can be viewed as a bounded analogue of the skew Cauchy identity

for Hall-Littlewood polynomials; we thank S. Ole Warnaar for pointing it out. Indeed, the m — oo
limit of (9.5)) reduces to the following identity

(t; z)dZPA(l, z,..., 200 2) Q’)\/V(t; z)=P,(1,z2,..., 241 2) (9.11)
A

where z = ¢~ and Q) » is the modified skew Hall-Littlewood polynomial (see e.g. [62]). This in turn
follows from the skew Cauchy identity

" P 2) Q) (35 2) = Pl 2) [[ —— 9.12)
A

1—zy;
ij i

by setting z = (1,z2,...,2% 1) and y = t. Thus in some sense, we can view such a summation identity

over partitions bounded by (co?) as a (skew) Cauchy type identity, and view the (m<) counterpart as
its bounded analogue (while the (m°°) counterpart compares to Rogers—Ramanujan identities in [34]).

9.3. Proof of Theorems [1.13] and [1.14] Here we apply Theorems and to prove
Theorems and [L.T4

Proof. We just prove the case R = R(22m+1). the case R = R(2?™) is similar. By Remark and
Theorem [I.8] we have

1 (L5 L1y A2
NZga(t)= > ——— (L¢)2Ikl, (9.13)
pC(md) aL(:U’) (]L 7L )d—//l
so that
— _ 1 (L_l'L_l)d
NZg(t) = lim NZpa(L™%) = li 1, ’ 2l 9.14
R( ) di{go Rd( ) di)r{olo =, ulgdam(ﬂ) (L_l;L_l)d—u’l ) ( )

where 1,/ <4 is 1 if py < d and 0 otherwise. Due to the rapidly decaying factor L~ Yiliu? coming
from 1/ay (p), it is easy to show that one may exchange the sum and the limit, so the limit converges
and we get NZg(t) =)

p1<m t21 Jag (1) as required. O
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Remark 9.5. With little modification, the argument involving the decaying factor implies that
|INZR(t)|, is an entire function in ¢ if ¢ > 1 and R = RZ?™D or R(22™) The key estimate in
the R = R(22™) case is as follows:

(S AP —?) < = S () 2, (9.15)

9.4. General discussions on special values. The following concerns the specialization ¢t = 1.
Assume k = F, and R satisfies (x). Define

ca,r(q) = INZE,(V)lg- (9.16)

Lemma 9.6. Assume k =F, and R satisfies (x) with branching number s and Serre invariant ¢.

(a) If E is a torsion-free R-module of rank d, then |NZg(1)|q = cq,r(q).

(b) If Q is the dualizing module of R, and E = Q%, then |NZp(L~9)|, = q_ngCd,R(q).

(c) If R is Gorenstein, then \@R(l)\q = limg 00 cd,R(q)/q‘Sdz if the limit exists.
Proof.

(a) This is just a restatement of Remark

(b) This follows from part (a) and the functional equation (1.9) with ¢t = 1.
(¢) This follows from part (b) and Theorem [1.12] O

The following is essentially about specializing at I — 1. It is not used in the rest of the paper. Let
k be an algebraically closed field, and consider the ring homomorphism x : Ko(Vary) — Z defined by
the Euler characteristic in the sense of Betti cohomology or ¢-adic cohomology.

Proposition 9.7. Assume the setting above, and let R be a complete local k-algebra of finite type with
residue field k. Let E be any finitely generated module over R, and d > 0. Then

X(Zgea(t)) = x(Zp(t))". (9.17)

Proof. We use the theorem of Bialynicki-Birula [5]. Consider the natural action of the torus (£*)? on
E®? which induces an action on Quot pod p, for any n > 0. Pick a generic one-dimensional subtorus
T in (k*)9 that contains an element A = (\1,...,\q) with \; € kX distinct. We now determine the
T-fixed points of Quot ged -

Let F' € QUOtE@d,n, i.e., FF C F is an R-submodule of k-codimension n. For 1 <7 < d, consider the
coordinate projection 7; : E®¢ — E® by mi(f1, ..., fa) = (0,..., fi,...,0). Define F' = @ | m;(F).
We claim that F is fixed by T if and only if F/ = F.

The “if” direction is trivial. For the “only if” direction, let f = (f1,..., fq) be an arbitrary element
of F. Since F is fixed by T, we have M f = (M fi)i € Ffor 0 <j<d-—1. Since \; are distinct,
the Vandermonde matrix (X]) is invertible, so for each 1 < i < d, we can express m;(f) as a k-linear
combination of M f. It follows that 7;(f) € F, and thus F' = F.

As a result, by setting n; := dimy, m;(E®?)/m;(F), we have a locally closed decomposition

d
(Quotgea,)” = || J]Quotg,, (9.18)

ni,...,nqg>0 i=1
ni+--+nqg=n

By [5], we have x(Quotgea,,) = x((Quotgea,,)”). The desired result thus follows. O
Corollary 9.8. Treat NZ pa(t) as a formal polynomial in t,1L, where R = R@2m+1) o R(2:2m)  Thep

(X!, 124, R = RZ2mtD),

(P (—t)H4, R = RZ2m), (9.19)

NZ pa(t)|Ls1 = (NZR(t)|L1)? = {
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9.5. Proof of Theorem 1.16L Let R = R>2™) Though substituting ¢t = 1 into Theorem is a
natural approach to Theorem 1.16L we instead apply Lemqla 9.0(c)l In doing this, we are essentially

taking advantage of the functional equation, and that NZ % ,(t) has a simpler formula than NZ gd (t).
To this end, we first compute ¢4 r(q) defined in (9.16).

Lemma 9.9. Let k =F, and R = R(Z2m) - Thep car(q) = g
Proof. By (8.14) and the definition of ¢4 r(q), it suffices to prove the identity
1. -1
=Y gt (5T e (9.20)
ety (@ ha Ny

Recall Let D be a DVR with uniformizer 7 and residue field F,. Then the above identity follows
from the fact that both sides count the number of D-linear homomorphisms f : (D/7™)¢ — (D/7™)e.

Here on the right-hand side, p is the type of the image of f, and we apply Lemma O
Proof of Theorem[T.16, Since NZg(t) € Z[[L=1,¢]], it suffices to prove the point-count version. This
follows from Lemma [9.9) Lemma [9.6(c), and the fact that § = m for R(32™). O

9.6. The (2,2) link. It turns out that for R = R(>?™) with m = 1, the polynomial NZ p4(t) can be
simplified, and its functional equation can be directly verified. We thank S. Ole Warnaar for observing
the next two lemmas and sketching their proofs. Define

fuatt) = V2 goatl = 3 [1] [[] #tator st (921)
d 5 = d = ) r—s7 1. 1\ .
1 R(2:2) a 2o lrlglsly (hq71)s
which is obtained from (1.12)) with A = (17), u = (1%).
Lemma 9.10. We have
¢ tq? 4 1 ’ (%) d d—r+1
fai(t,q) = 2¢>1[ 0 a4 te ] =Y (-1 H (/) P (9.22)
r=0 q

Proof. Set z = ¢~'. We will convert everything to base-z hypergeometric series. By setting | = r — s,
switching the summations in (9.21)), and converting the inner sum in [ into hypergeometric, we get

d
. n _ zs+1 —(d—s) B
fd,l(taQ) _ Zt2d s ,—d*+d+ds 5(]_/t; Z)g—s |:.5’:| 2¢2|: 1— d+$ Ttz 1-disi? t2zl a| (923)
s=0
Applying the transformation [23] (IIL.4)], expanding the resulting 2¢1 as a summation in [, resetting
r =1+ s, switching the summations, and converting the inner sum in s into hypergeometric, we get

d
—syd —(D+(2 d tzid,zi(dfs)
faaltg) = St a2 ) oo [T ] (924
d_d—s —d ,—(d—s).
_ 1 \d—sd+l —(d)-i-(s)-i-l X d (tZ ) % 72)1
;lz;( e A (VIR VR iy T, (9.25)
d
dir (D _gra (1 (1t 2)a(t2=% 2), [d (d—r)
— Z(—l)d Ty (5)—dr+("5 )( /(tz)ld(d'z) ) [J 101 {:1 dirs % tz] (9.26)
—0 y<)r P
Summing the 1¢; by Lemma [9.2] finally gives
. " —r(d—1 d d z=d trd
fan(tia) = S (1)t () raD (g ), H =2¢1[ ! ;z,tz} (9.27)

r=0
finishing the proof. The last part of (9.22)) just rewrites everything with positive powers of q. U
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Remark. The analogous method for m > 1 fails. One can reach an analogue of (9.26]), except that we
get a o¢y that does not simplify to a 1¢1 unless A/, ;| = u/_; (with the convention that A = p(, := d),
which is only guaranteed when m = 1. The 2¢9 is transformable but not summable.

Lemma 9.11. We have fq1(t,q) = quthfdﬁl(q_dt_l, q).
Proof. This is already guaranteed by Theorem but here is a direct proof. By [23], (II1.6)], we have

. et
faa(t,q) = llg(l) 201 . 4l (9.28)
I T P zmd 7l emipd
= ll_% (c; Z)d (t z ) 302 0,071tz172d E2XAR (9-29)

1 as before. Using the elementary limit

lim (€020 _ (9)l (9.30)

where z = ¢~

c—0 (C_lb; Z)l b
and the definition of basic hypergeometric series, we get as required
—d 41
far(t,q) = (27" %0 [Z (’)t ;Z,t_led} = (P27 a1 (t72% ). (9.31)
]
We can similarly simplify the Cohen—Lenstra zeta function. From ([1.20)), let
R - [7‘] t2rfs
Fit,q) = INZ g (t)|g = (ta ' 5tq™ )3 — eZlt,g '] (9:32)
" ! - T;O ¢ (a7 a7 st )7
Lemma 9.12 (cf. [22, [36]). We have three equivalent formulas for ]/c\l(t; q):
. t _ .. 1 - 0,0 _ 1 - - _
(i) 101 [0;(1 't 1],(11) (ttg™ 50 oo - 201 [tql;q 1,75],(111) (ta™ 50 oo - 001 [tql;q ' t%q 1]-
(9.33)
Proof. Applying Theorem and working with the topology on Z[[t,¢~!]], we have
filt,q) = lim fa1(tg™%q) (9.34)
d—o0
g%t
= lim 2¢1{ ’ ;q_l,tq_d_l} (9-35)
d—o0 0
(gD
= lim Y e (T =g (T (9-36)
d—o0 = (g5 47k
oo
(t:q" D ko~ ("5 k [t -1 —1]
— —1)fqg U2 )t = iq Lt 9.37
kZ:O (q_l;q_l)k( ) 1¢1 0 ( )

getting (i). The remaining two are obtained as limits of Heine 9¢; transforms of (i), and we leave the
details to the reader. O

Remark. The formulas (ii)(iii) for |N2 22 (t)|q were independently obtained in [22] 36].

9.7. Further conjectures and data. For R = R(227+1)  from Theorems and the co-
efficients of NZ pa(t) and ]/\/:ZR(t) in L, are nonnegative and have well-understood combinatorial
interpretations. However, the case R = R(22™) remains mysterious even in the presence of explicit
formulas. For example, is there a combinatorial interpretation for the coefficients of NZ pa(t) and the
functional equation? The following conjecture based on numerical data might shed some light.

Conjecture 9.13 (Positivity). Form > 1, d >0, let R = R*?™) then we have
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(a) NZpa(—t) € N[L,¢t];
(b) NZg(—t) € N[[L~1,4].

The case m = 1 is clear, thanks to The “m — o0” limit of the conjecture is not hard to see.

In fact, an application of the skew Cauchy identity in Remark implies

. t;L)d
i NZ g amylt) = Ml c Z[[L, 1)), (9.38)
L = L, Lt _
W}l_r)réo NZ piaom)(t) = W € Z[[L lat]]- (9.39)

Finally, we provide Tables for NZ pa(t) and ﬁR(t) for R = R2?™). We put NZ%d (t) side by
side with NZ pa(t) in response to the discussions below Theorem where the terms in d = 1,2,
m =1 and d = 1, m = 2 are organized differently to suggest some vague patterns.

d | NZ ga(t)|Lq NZE, ()L

11 —t+qt? 1—t+qt

2| 1= (q+t+ (P + P+ — (P + A+ | 1— (q+ Dt + (P + )t + (¢ — ¢ — )t + ¢*'t?

31— (PHq+Dt+( P+ 2P+ P+t — | 1+ (P + P+ P — P —q—Dt+ (B +q¢" —2¢° —
(°+2¢° +2¢* +2¢*) 3+ (B + " +2¢° + P+ | 2¢* + P+ )2+ (¢° — ® — " + @ + ¢* — P)?

TABLE 1. NZpa(t) with R = R%2™) m =1

d | NZ ga(t)|Lq NZ%d(t)hLHq

1[1—t+qt? — qt? + ¢** 1—t+qt — qt? + ¢°t*

2 1—(q+1)t+4(q3+qi+Q)t2—(q4+2g3+q2)t3+ 1+2(q3+q2—q—1)t+(q6+q5—2q3—q24;
(*++2¢* + ) = (*+28° + NP+ (" + | )t* + (" -2 + )3+ (¢ — ¢ — * + P)t
q® + ¢®)t5 — (q" + ¢O)t7 + ¢B¢8

3 1= (P +q+Dt+(P+* +2 + P+ ) — (" + | 1+ (P + * + @ — ¢ —q— Dt + (¢ + ¢ +
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